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Abstract
Regularities and higher order regularities of ground states of quantum field
models are investigated through the fact that asymptotic annihilation operators
vanish ground states. Moreover a sufficient condition for the absence of a ground
state is given.
1 Introduction
A basic object in a quantum field model is a ground state of it which is defined to
be an eigenvector of the Hamiltonian H (a self-adjoint operator on a Hilbert space) of
the model with eigenvalue equal to the infimum E(H) of the spectrum of H , provided
that E(H) is an eigenvalue of H . In this paper we investigate regularities of ground
states of quantum field models. Here we mean by regularities properties of what class
of subspaces ground states belong to, including absence of ground states in certain
subspaces.
As is well known, existence of a ground state of a quantum field model may depend
on properties of objects contained in its Hamiltonian such as a one-particle energy
function and cutoff functions. In particular, it is subtle in the case where the quantum
field is massless ([5, 2, 9, 10, 11, 12, 18] and references therein), being related to
the so-called infrared divergence [20]. From this point of view, it is important to
characterize regularities of ground states, in particular, absence of them, in terms of
objects contained in the Hamiltonian of the model under consideration, as generally
as possible. This is the main motivation of this work. Preliminary work concerning
this theme was done in a previous paper [5], where the absence of ground states of
an abstract and general model, called the generalized spin boson (GSB) model, was
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discussed. In the present work we extend results obtained in [5] to a more general class
of quantum field models, establishing new criteria for regularities of ground states.
This paper is organized as follows. In Section 2 we define the quantum field model
to be considered. We prove general results on regularities of ground states of the
model. Section 3 is concerned with absence of ground states of the model. In Section 4
we consider higher order regularities of ground states, where higher order regularities
means properties that ground states belong to smaller subspaces indexed by powers of a
nonnegative self-adjoint operator. In Section 5 we apply the general results established
in the previous sections to the GSB model and obtain results which extend those in
[5]. In the last section we give some remarks on other quantum field models in view of
the present work.
2 Regularities of ground states: general aspects
2.1 Fock spaces and second quantizations
Let K be a separable Hilbert space over complex field C, and ⊗nsK denote the n-fold
symmetric tensor product of K with ⊗0sK := C. The norm and the scalar product on
Hilbert space X are denoted by ‖f‖X and (f, g)X , f, g ∈ X , respectively, where (f, g)X
is anti-linear in f and linear in g. The norm of bounded operator from X to a Hilbert
space Y is denoted by ‖X‖X→Y and the domain of unbounded operator Y is by D(Y ).
The Boson Fock space over K is defined by
Fb(K) :=
∞⊕
n=0
[⊗nsK] = {Ψ = {Ψ(n)}∞n=0|‖Ψ‖2Fb(K) :=
∞∑
n=0
‖Ψ(n)‖2⊗nsK <∞}.
The Fock vacuum is defined by
Ω := {1, 0, 0, ...} ∈ Fb(K)
and the finite particle subspace of Fb(K) by
Fb,0(K) :=
{
{Ψ(n)}∞n=0 ∈ Fb(K)|Ψ(n) = 0 for all n ≥ n0 with some n0
}
.
It is known that Fb,0(K) is dense in Fb(K). The annihilation operator a(f) with f ∈ K
is defined to be a densely defined closed operator on Fb(K) whose adjoint is given by
(a(f)∗Ψ)(n) :=
√
nSn(f ⊗Ψ(n−1)), Ψ ∈ D(a(f)∗),
where Sn denotes the symmetrization operator on ⊗nK, i.e., Sn(⊗nK) = ⊗nsK. We
note that a(f) is anti-linear in f and a∗(g) linear in g. The opertors a(f) and a∗(f)
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leave Fb,0(K) invariant and satisfy canonical commutation relations on Fb,0(K):
[a(f), a∗(g)] = (f, g)K, (2.1)
[a(f), a(g)] = 0, (2.2)
[a∗(f), a∗(g)] = 0. (2.3)
Since a(f) and a∗(f) are closable operators, their closed extensions are denoted by the
same symbols, respectively. Define FDb,0(K) with subspace D ⊂ K by the finite linear
hull of
{a∗(f1) · · · a∗(fn)Ω,Ω|fj ∈ D, j = 1, ..., n, n ≥ 1} .
It is known that FDb,0(K) is dense in Fb(K) if D is dense in K. Let C be a closed
operator on K. Define dΓn(C) : ⊗nsK → ⊗nsK by
dΓn(C) :=
n∑
j=1
1⊗ 1 · · · 1⊗
j
C˘ ⊗1 · · · 1⊗ 1︸ ︷︷ ︸
n
, n ≥ 1,
and dΓ0(C) : C → C by
dΓ0(C)z = 0, z ∈ C.
The second quantization of C is the operator defined by
dΓ(C) :=
∞⊕
n=0
dΓn(C)
with D(dΓ(C)) := FD(C)b,0 (K). Note that
dΓ(C)Ω = 0
dΓ(C)a∗(f1) · · ·a∗(fn)Ω =
n∑
j=1
a∗(f1) · · ·a∗(Cfj) · · ·a∗(fn)Ω,
fj ∈ D(C), j = 1, ..., n.
For a nonnegative self-adjoint operator K, dΓ(K) is a nonnegative essentially self-
adjoint operator. We denote its self-adjoint extension by the same symbol, dΓ(K).
dΓ(1) is refered to as the number operator, which is denoted by
N := dΓ(1).
It is known that, for all Ψ ∈ D(dΓ(K)1/2) and f ∈ D(K−1/2),
‖a(f)Ψ‖2Fb(K) ≤ ‖K−1/2f‖2K‖dΓ(K)1/2Ψ‖2Fb(K), (2.4)
‖a∗(f)Ψ‖2Fb(K) ≤ ‖K−1/2f‖2K‖dΓ(K)1/2Ψ‖2Fb(K) + ‖f‖2K‖Ψ‖2Fb(K). (2.5)
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Lemma 2.1 Let 0 ≤ ǫ < 1 and n be a non-negative integer. Let f ∈ D(K−1/2) ∩
D(Kn+1). Then a♯(f) maps D(dΓ(K)n+ǫ+1/2) into D(dΓ(K)n+ǫ). In particular, it
follows that for Ψ ∈ D(dΓ(K)n/2) and fj ∈ D(K−1/2) ∩D(K [n/2]), j = 1, ..., n,
Ψ ∈ D(a♯(f1) · · · a♯(fn)),
where a♯ denotes a or a∗, and [n/2] the integer part of n/2. Moreove it follows that
[dΓ(K), a(f)]Ψ = −a(Kf), Ψ ∈ D(dΓ(K)3/2), f ∈ D(K),
[dΓ(K), a∗(f)]Ψ = a∗(Kf), Ψ ∈ D(dΓ(K)3/2), f ∈ D(K).
Proof: See [1, Lemmas 2.3 and 2.5]. ✷
2.2 Total Hamiltonians
Let H be a Hilbert space over C. Then one can make the Hilbert space
F := H⊗Fb(K).
Let A be a self-adjoint operator bounded from below on H and S a nonnegative self-
adjoint operator on H. The decoupled Hamiltonian
H0 := A⊗ 1 + 1⊗ dΓ(S)
is self-adjoint on
D(H0) := D(A⊗ 1) ∩D(1⊗ dΓ(S))
and bounded from below. Let HI be a symmetric operator on F such that D(H0) ⊂
D(HI). The total Hamiltonian under consideration is the symmetric operator
H := H0 + gHI
on F , where g ∈ R is a coupling constant. Assumption (A.1) is as follows.
(A.1) There exist constants a ≥ 0 and b ≥ 0 such that
‖HIΨ‖ ≤ a‖H0Ψ‖+ b‖Ψ‖, Ψ ∈ D(H0).
Proposition 2.2 Suppose (A.1). Then for g with |g| < 1/a, H is self-adjoint on
D(H0) and bounded from below. Moreover it is essentially self-adjoint on any core of
H0.
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Proof: It follows from the Kato-Rellich theorem [22]. ✷
It is known that there exist a finite measure space 〈M,µ〉, a nonnegative measurable
function S on 〈M,µ〉 and a unitary operator U : K → L2(M) := L2(M, dµ) such that
(1) Ψ ∈ D(S) if and only if S(·)(UΨ)(·) ∈ L2(M),
(2) (USU−1Ψ)(k) = S(k)Ψ(k) for Ψ ∈ UD(S) for almost every k ∈M .
Hence, without loss of generality, we can take K to be an L2-space. Thus, in what
follows, we set
K = L2(M, dµ),
where we do not assume that µ is a finite measure, but σ-finite measure, and take S
to be a multiplication operator on K by a non-negative function S(k) such that
0 < S(k) <∞, µ− a.e.k.
We set
Mm := D(Sm).
2.3 Regularities of ground states
We denote inf σ(K) by E(K) for a self-adjoint operator K. Let us assume that a
ground state ϕg of H exists. Then
Hϕg = E(H)ϕg.
We fix a normalized ground state ϕg of H , i.e., ‖ϕg‖F = 1. Let B and C be operators
on a Hilbert space W. We define a quadratic form [B,C]DW with form domain D × D
such that
D ⊂ D(B∗) ∩D(B) ∩D(C∗) ∩D(C),
by
[B,C]DW (Ψ,Φ) := (B
∗Ψ, CΦ)W − (C∗Ψ, BΦ)W , Ψ,Φ ∈ D.
Assumption (A.2) is as follows.
(A.2) There exists an operator
T (k) : F → F , a.e. k ∈M,
such that
(1) D(H) ⊂ D(T (k)) for almost every k ∈M ,
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(2) T (k)Φ, Φ ∈ D(H), is weakly measurable in k,
(3) [1⊗ a(f), HI]D(H)W (Ψ,Φ) =
∫
M
f(k)(Ψ, T (k)Φ)Fdµ(k) for Ψ,Φ ∈ D(H).
Define
at(f) := e
−itHeitH0(1⊗ a(f))e−itH0eitH = e−itH(1⊗ a(eitSf))eitH .
We want to investigate at(f) as t → ∞ strongly. Let σ(S), σp(S) and σac(S) be the
spectrum, the point spectrum, and the absolutely continuous spectrum of S, respec-
tively. Assumptions (A.3)-(A.5) are as follows.
(A.3) The operator S is purely absolutely continuous.
(A.4) There exists a dense subspace C0 ⊂ L2(M) such that
(1) C0 ⊂M−1/2, and for any f ∈M−1/2∩M0, there exists a sequence {fm}m ⊂
C0 such that s-limm→∞ fm = f and s-limm→∞ fm/
√
S = f/
√
S,
(2) for f ∈ C0 and Ψ ∈ D(H),∫
M
f(k)(Ψ, e−is(H−E(H)+S(k))T (k)ϕg)Fdµ(k) ∈ L1([0,∞), ds).
(A.5) ‖T (·)ϕg‖F ∈M−1/2 ∩M0.
Lemma 2.3 Suppose (A.3). Then for any a ∈ R,
µ({k ∈M |S(k) = a}) = 0.
Proof: Let N := {k ∈ M |S(k) = a} and suppose that 0 < µ(N ) ≤ ∞. Since µ is a
σ-finite measure, M = ∪∞n=1Mn with µ(Mn) < ∞ for all n. Then there exists m such
that µ(Mm ∩ N ) > 0. Let 1Mm∩N be the characteristic function on Mm ∩ N . Then
1Mm∩N ∈ L2(M) and S1Mm∩N = a1Mm∩N , which implies that a ∈ σp(S). It contradicts
with (A.3). Thus µ(N ) = 0. ✷
Lemma 2.4 Assume (A.1)-(A.5). Then for f ∈M−1/2 ∩M0,∫
M
‖f(k)(H − E(H) + S(k))−1T (k)ϕg‖Fdµ(k) <∞
and
(1⊗ a(f))ϕg = −g
∫
M
f(k)(H − E(H) + S(k))−1T (k)ϕgdµ(k),
where the integral on the right-hand side above is in the strong sense.
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Remark 2.5 (1) Lemma 2.4 is a generalization of [11, 12].
(2) By Lemma 2.3, S(k) 6= 0 for almost every k ∈M . Thus (H − E(H) + S(k))−1 is
a bounded operator for almost every k ∈M .
(3) T (k)Φ, Φ ∈ D(H), is strongly measurable since T (k)Φ is weakly measurable [21,
Theorem IV.22].
Proof: Note that ∫
M
‖f(k)(H −E(H) + S(k))−1T (k)ϕg‖Fdµ(k)
≤ ‖f/
√
S‖L2(M)
(∫
M
‖T (k)ϕg‖2F/S(k)dµ(k)
)1/2
<∞, (2.6)
and ϕg ∈ D(1 ⊗ a(f)) follows from the fact that ϕg ∈ D(1 ⊗ dΓ(S)) and Lemma 2.1.
We see that for Ψ,Φ ∈ D(H) and for f ∈ C0,
d
dt
(Ψ, at(f)Φ)F = ig[1⊗ a(eitSf), HI]D(H)W (eitHΨ, eitHΦ)
= ig
∫
M
f(k)e−itS(k)(Ψ, e−itHT (k)eitHΦ)Fdµ(k).
Then
(Ψ, at(f)Φ)F
= (Ψ, (1⊗ a(f))Φ)F + ig
∫ t
0
ds
(∫
M
f(k)e−isS(k)(Ψ, e−isHT (k)eisHΦ)Fdµ(k)
)
. (2.7)
Since, by (A.2),
s- lim
t→∞
at(f)ϕg = 0, f ∈ L2(M),
it follows from (2.7) and (A.4) that
(Ψ, (1⊗ a(f))ϕg)F = −ig
∫ ∞
0
ds
(∫
M
f(k)(Ψ, e−is(H−E(H)+S(k))T (k)ϕg)Fdµ(k)
)
.
We have
(Ψ, (1⊗ a(f))ϕg)F
= −ig lim
ǫ→0
∫ ∞
0
dse−ǫs
(∫
M
f(k)(Ψ, e−is(H−E(H)+S(k))T (k)ϕg)Fdµ(k)
)
= −g
∫
M
(Ψ, f(k)(H − E(H) + S(k))−1T (k)ϕg)Fdµ(k).
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Here on the first equality we used the Lebesgue dominated convergence theorem and
(A.4)-(2), on the second equality, Fubini’s theorem and (A.5). Hence by (2.6), for
f ∈ C0,
(Ψ, (1⊗ a(f))ϕg)F = (Ψ,−g
∫
M
f(k)(H −E(H) + S(k))−1T (k)ϕgdµ(k))F
and then
(1⊗ a(f))ϕg = −g
∫
M
f(k)(H − E(H) + S(k))−1T (k)ϕg. (2.8)
We can take a sequence {fm} ⊂ C0 such that s-limm→∞ fm = f and s-limm→∞ fm/
√
S =
f/
√
S for f ∈M−1/2 ∩M0. We see that
s- lim
m→∞
(1⊗ a(fm))ϕg = (1⊗ a(f))ϕg (2.9)
by
‖a(f)Ψ‖F ≤ ‖S−1/2f‖L2(M)‖dΓ(S)1/2Ψ‖F , Ψ ∈ D(dΓ(S)1/2).
Moreover from
‖
∫
M
(fm(k)− f(k))(H − E(H) + S(k))−1T (k)ϕgdµ(k)‖
≤ ‖(fm(k)− f(k))/
√
S‖L2(M)
(∫
M
‖T (k)ϕg‖2F/S(k)dµ(k)
)1/2
,
it follows that
s- lim
m→∞
∫
M
fm(k)(H − E(H) + S(k))−1T (k)ϕgdµ(k)
=
∫
M
f(k)(H − E(H) + S(k))−1T (k)ϕgdµ(k). (2.10)
By (2.9) and (2.10), (2.8) can be extended for f ∈ M−1/2 ∩M0. Thus the lemma is
proven. ✷
We want to find a necessary and sufficient conditions for ϕg ∈ D(1⊗dΓ(G)1/2) with
a nonnegative multiplication operator G on L2(M). We define κG(k) ∈ F by
κG(k) :=
√
G(k)(H −E(H) + S(k))−1T (k)ϕg, a.e. k ∈M,
and TG : L
2(M)→ F by
TGf :=
∫
M
f(k)κG(k)dµ(k), f ∈ L2(M).
Then by Lemma 2.4, for f ∈M−1/2 ∩M0,
(1⊗ a(
√
Gf))ϕg = −gTGf¯ .
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Lemma 2.6 (1) TG is a Hilbert-Schmidt operator if and only if∫
M
‖κG(k)‖2Fdµ(k) <∞. (2.11)
(2) Suppose that TG is a Hilbert-Schmidt operator. Then
Tr(T ∗GTG) =
∫
M
‖κG(k)‖2Fdµ(k).
Proof: It is enough to show (1) and (2) for adjoint operator T ∗G : F → L2(M) instead
of TG. T
∗
G is refered to as a Carleman operator with kernel κG, i.e.,
T ∗GΦ(·) = (κG(·),Φ)F , Φ ∈ F .
Then it is established in e.g., [24, p.141] that T ∗G is a Hilbert-Schmidt operator if and
only if (2.11) holds, and
Tr(TGT
∗
G) =
∫
M
‖κG(k)‖2Fdµ(k).
Hence the lemma is proven. ✷
Lemma 2.7 Let K be a bounded operator on K, and {em}∞m=1 a complete orthonormal
system in K such that em ∈M−1/2 ∩M0. Then (1) and (2) are equivalent.
(1) Ψ ∈ D(dΓ(K∗K)1/2).
(2) Ψ ∈
∞⋂
m=1
D(a(K∗em)) and
∞∑
m=1
‖a(K∗em)Ψ‖2Fb(K) <∞.
Furthermore suppose that (1) or (2) is fulfilled. Then
‖dΓ(K∗K)1/2Ψ‖2Fb(K) =
∞∑
m=1
‖a(K∗em)Ψ‖2Fb(K).
Proof: See Appendix. ✷
Theorem 2.8 Assume (A.1)-(A.5). Let G be a nonnegative multiplication operator
on L2(M). Then (1) and (2) are equivalent.
(1) ϕg ∈ D(1⊗ dΓ(G)1/2).
(2)
∫
M G(k)‖(H − E(H) + S(k))−1T (k)ϕg‖2Fdµ(k) <∞.
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Furthermore suppose that (1) or (2) holds. Then it follows that
‖(1⊗ dΓ(G)1/2)ϕg‖2F = g2
∫
M
G(k)‖(H −E(H) + S(k))−1T (k)ϕg‖2Fdµ(k). (2.12)
Proof: We divide a proof into two steps.
(Step I) The case where G is bounded.
Let {em}∞m=1 be a orthonormal system of K such that em ∈ M−1/2 ∩M0, m ≥ 1. By
Lemma 2.7, ϕg ∈ D(1⊗ dΓ(G)1/2) is equivalent to
∞∑
m=1
‖(1⊗ a(
√
Gem))ϕg‖2F <∞, (2.13)
and, if (2.13) holds, the left-hand side of (2.13) is identical with ‖(1⊗ dΓ(G)1/2)ϕg‖2F .
By the definition of TG, (2.13) can be rewritten as
g2
∞∑
m=1
‖TGem‖2F <∞.
Then TG is a Hilbert-Schmidt operator. Hence by Lemma 2.6, (1) is equivalent to∫
M
‖κG(k)‖2Fdµ(k) <∞. (2.14)
Namely (1) is equivalent to (2).
(Step II) The case where G is unbounded.
Let ϕg = {ϕ(n)g }∞n=0 and
GΛ(k) :=
{
G(k), G(k) < Λ,
Λ, G(k) ≥ Λ.
Proof of (1) =⇒ (2). Note that
‖(1⊗ dΓn(GΛ)1/2)ϕ(n)g ‖2Fn
=
∫
Mn
 n∑
j=1
GΛ(kj)
 ‖ϕ(n)g (k1, · · · , kn)‖2Hdµ(k1) · · ·dµ(kn).
Hence we see that
‖(1⊗ dΓ(GΛ)1/2)ϕg‖2F =
∞∑
n=0
‖(1⊗ dΓn(GΛ)1/2)ϕ(n)g ‖2Fn
is monotonously increasing in Λ. Then the monotone convergence theorem yields that
lim
Λ→∞
‖(1⊗ dΓ(GΛ)1/2)ϕg‖2F = lim
Λ→∞
∞∑
n=0
‖(1⊗ dΓn(GΛ)1/2)ϕ(n)g ‖2Fn
=
∞∑
n=0
lim
Λ→∞
‖(1⊗ dΓn(GΛ)1/2)ϕ(n)g ‖2Fn = ‖(1⊗ dΓ(G)1/2)ϕg‖2F .
Regularities of ground states 11
Since ϕg ∈ D(1⊗ dΓ(GΛ)1/2), we have by (Step I),
‖(1⊗ dΓ(GΛ)1/2)ϕg‖2F =
∫
M
GΛ(k)‖(H −E(H) + S(k))−1T (k)ϕg‖2Fdµ(k).
Take Λ → ∞ on the both sides above. By the monotone convergence theorem again,
we obtain that
∞ > ‖(1⊗ dΓ(G)1/2)ϕg‖2F =
∫
M
G(k)‖(H − E(H) + S(k))−1T (k)ϕg‖2Fdµ(k).
Thus (2) follows.
Proof of (1)⇐= (2). From (2) it follows that
∞ >
∫
M
GΛ(k)‖(H −E(H) + S(k))−1T (k)ϕg‖2Fdµ(k) =
∞∑
n=0
‖(1⊗ dΓn(GΛ)1/2)ϕ(n)g ‖2Fn .
Then by the monotone convergence theorem, as Λ → ∞ on the both sides above we
obtain that
∞ >
∫
M
G(k)‖(H −E(H) + S(k))−1T (k)ϕg‖2Fdµ(k)
=
∞∑
n=0
‖(1⊗ dΓn(G)1/2)ϕ(n)g ‖2Fn = ‖(1⊗ dΓ(G)1/2)ϕg‖2F .
Thus (1) follows.
Finally (2.12) follows from the fact that
‖(1⊗ dΓ(G)1/2)ϕg‖2F = g2
∞∑
m=1
‖TGem‖2F = g2Tr(T ∗GTG)
= g2
∫
M
G(k)‖(H − E(H) + S(k))−1T (k)ϕg‖2Fdµ(k).
Thus the proof is complete. ✷
Corollary 2.9 Let G be a nonnnegative multiplication operator on L2(M). In addition
to (A.1)-(A.5), suppose that
√
G‖T (·)ϕg‖F/S ∈ L2(M). (2.15)
Then ϕg ∈ D(1⊗ dΓ(G)1/2). In particular suppose that
‖T (·)ϕg‖F/S ∈ L2(M). (2.16)
Then ϕg ∈ D(1⊗N1/2).
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Remark 2.10 Condition (2.15) is a generalization of an IR regularity condition in
[4].
Proof: Since∫
M
G(k)‖(H − E(H) + S(k))−1T (k)ϕg‖2Fdµ(k) ≤
∫
M
G(k)
S(k)2
‖T (k)ϕg‖2Fdµ(k) <∞,
Theorem 2.8 yields the corollary. ✷
3 Absence of ground states
Let Pg be the projection onto the one-dimensional subspace {zϕg|z ∈ C} of F .
Theorem 3.1 Assume (A.1)-(A.5). Let G be a nonnegative multiplication operator
on L2(M). Then H has no ground state ϕg in D(1⊗ dΓ(G)1/2) such that√
G(ϕg, T (·)ϕg)F/S 6∈ L2(M). (3.1)
Remark 3.2 Condition (3.1) is a generalization of an IR singularity condition in [4].
Proof: Suppose that there exists a ground state ϕg such as in (3.1). We have∫
M
G(k)‖(H −E(H) + S(k))−1T (k)ϕg‖2Fdµ(k)
≥
∫
M
G(k)‖(H −E(H) + S(k))−1PgT (k)ϕg‖2Fdµ(k).
Since
‖(H − E(H) + S(k))−1PgT (k)ϕg‖2F
=
1
S(k)2
‖PgT (k)ϕg‖2F =
1
S(k)2
|(ϕg, T (k)ϕg)F |2,
it follows that∫
M
G(k)‖(H−E(H)+S(k))−1T (k)ϕg‖2Fdµ(k) ≥
∫
M

√
G(k)
S(k)
|(ϕg, T (k)ϕg)F |
2 dµ(k).
Since the right-hand side above diverges by (3.1), Lemma 2.6 yields that
ϕg 6∈ D(1⊗ dΓ(G)1/2).
Thus the desired result is obtained. ✷
Setting G = 1 in Theorem 3.1, we have a corollary.
Corollary 3.3 Assume (A.1)-(A.5). Then H has no ground state ϕg in D(1⊗N1/2)
such that
1
S
(ϕg, T (·)ϕg)F 6∈ L2(M). (3.2)
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4 Higher order regularities of ground states
Through this section we fix a natural number n and assume (A.1)-(A.5). We shall
consider an asymptotic field for 1⊗ a(f1) · · ·a(fn). Namely we investigate
s- lim
t→∞
e−itH(1⊗ a(eitSf1) · · ·a(eitSfn))eitH .
We introduce assumptions.
(H.1) T (k) satisfies that
D(H) ⊂ D(T (k)(1⊗ a(f))) ∩D((1⊗ a(f))T (k)) a.e.k ∈M,
and
[T (k), 1⊗ a(f)]Ψ = 0, Ψ ∈ D(H), a.e. k ∈M. (4.1)
(H.2) The operator
(1⊗ dΓ(S)(n+1)/2)(H + z)−m
is a bounded operator for some m and z ∈ ρ(H) ∩ R, where ρ(H) denotes the
resolvent of H .
Lemma 4.1 Suppose (H.2). Then for fj ∈M−1/2 ∩M[n/2], j = 1, ..., n,
ϕg ∈ D(1⊗ a(f1) · · · a(fn)) (4.2)
and
(1⊗ a(f1) · · ·a(fm))ϕg ∈ D(H), m = 1, ..., n− 1. (4.3)
Proof: From (H.2) it follows that
‖(1⊗ dΓ(S))(n+1)/2ϕg‖F ≤ ‖(1⊗ dΓ(S))(n+1)/2(H + z)−m‖F→F |E(H) + z|m ‖ϕg‖F .
Hence
ϕg ∈ D(1⊗ dΓ(S)(n+1)/2) (4.4)
follows, from which we can see (4.2) by Lemma 2.1. From Lemma 2.1 it follows that
(1⊗ a(f1) · · · a(fn))ϕg ∈ D(1⊗ dΓ(S)).
Together with
(1⊗ a(f1) · · · a(fn))ϕg ∈ D(A⊗ 1),
we obtain that
(1⊗ a(f1) · · ·a(fn))ϕg ∈ D(A⊗ 1) ∩D(1⊗ dΓ(S)) = D(H).
Regularities of ground states 14
Then (4.3) is proven. ✷
Pn denotes the set of all the permutations of degree n and we set for σ ∈ Pn,
Rσi :=
H − E(H) + n∑
j=i
S(kσ(j))
−1 ,
R˜σi :=
(
H − E(H) + S(kσ(i))
)−1
.
Remark 4.2 Let ⊗mµ denote the product measure on Mm. Then
(⊗mµ)({(k1, ..., km) ∈Mm|S(k1) + · · ·+ S(km) = 0}) = 0
follows. This implies that Rσi and R˜
σ
i are bounded operators on F for almost every
(kσ(i), ..., kσ(n)) ∈Mn−i+1.
We set
Ĥ := H −E(H).
Assumption (H.3) and (H.4) are as follows.
(H.3) There exist dense subspaces Cn ⊂ L2(M) and E ⊂ F such that
(1) Cn ⊂ M−1/2 ∩M[n/2], and for f ∈ M−1/2 ∩M[n/2], there exists a sequence
{fm}m ⊂ Cn such that s-limm→∞ fm/
√
Sk = f/
√
Sk for 0 ≤ k ≤ n,
(2) Ψ ⊂ ⋂nm=1D(T (km)∗eitmĤ · · ·T (k1)∗eit1Ĥ) for almost every (k1, ..., km) ∈Mm
and for Ψ ∈ E ,
(3) for arbitrary fj ∈ Cn, j = 1, ..., n, and Ψ ∈ E ,∫
M
dµ(km)e
−iTmS(km)fm(km)
(T (km)
∗eitmĤ · · ·T (k1)∗eit1ĤΨ, (1⊗ a(eiTmSfm+1) · · ·a(eiTmSfn))ϕg)F
is in L1([0,∞); dtm) for m = 1, 2, ..., n− 1, where Tm := t1 + · · ·+ tm,
(4) for arbitrary fj ∈ Cn, j = 1, ..., n, and Ψ ∈ E ,∫
M
dµ(kσ(m)) · · ·
∫
M
dµ(kσ(n))
n∏
j=m
fσ(k)(kσ(j))
(T (kσ(m))
∗e
itm(Ĥ+
∑n
j=m
S(kσ(j))) · · ·T (kσ(1))∗eit1(Ĥ+
∑n
j=1
S(kσ(j)))Ψ,
Rσm+1T (kσ(m+1)) · · ·RσnT (kσ(n))ϕg)F
is in L1([0,∞); dtm) for m = 1, 2, ..., n− 1.
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(H.4) The closure of (H − E(H) + S(k))−1T (k), [(H − E(H) + S(k))−1T (k)], is a
bounded opeator and
‖[(H − E(H) + S(·))−1T (·)]‖F→F ∈M1/2.
Lemma 4.3 Assume (H.1)-(H.4). Then for fℓ ∈M−1/2 ∩M[n/2], ℓ = 1, ..., n,
∫
Mn
n∏
j=1
dµ(kj)
 n∏
j=1
|fj(kj)|
∥∥∥Rσ1T (kσ(1)) · · ·RσnT (kσ(n))ϕg∥∥∥F <∞ (4.5)
and
(1⊗ a(f1) · · · a(fn))ϕg
= (−g)n ∑
σ∈Pn
∫
Mn
n∏
j=1
dµ(kj)
 n∏
j=1
fj(kj)
Rσ1T (kσ(1)) · · ·RσnT (kσ(n))ϕg. (4.6)
Proof: Note that
‖Rσj ‖F→F ≤ ‖R˜σj ‖F→F , j = 1, ..., n.
From (H.4) it follows that
f(kσ(j))‖[R˜σj T (kσ(j))]‖F→F ∈ L1(M) (4.7)
for f ∈ M−1/2 ∩M0 and σ ∈ Pn. We have, by (4.7),
∫
Mn
n∏
j=1
dµ(kj)
 n∏
j=1
|fj(kj)|
∥∥∥Rσ1T (kσ(1)) · · ·RσnT (kσ(n))ϕg∥∥∥F
≤ ‖ϕg‖F
n∏
j=1
∫
M
|fσ(j)(kσ(j))|‖[R˜σj T (kσ(j))]‖F→Fdµ(kσ(j)) <∞. (4.8)
Then (4.5) follows. Lemma 2.1 yields that the left-hand side of (4.6) is well defined.
Let fj ∈ Cn, j = 1, ..., n. Note that by (4.3),
(1⊗ a(f1) · · ·a(fm))ϕg ∈ D(H), m = 1, ..., n− 1.
From this and (H.1) it follows that
[T (k), 1⊗ a(g)](1⊗ a(f1) · · · a(fm))ϕg = 0. (4.9)
By (4.9) we see that for Ψ ∈ E and fj ∈ Cn, j = 1, ..., n,
d
dt
(Ψ, e−itH(1⊗ a(eitSf1) · · ·a(eitSfn))eitHϕg)F
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= ig
n∑
j=1
∫
M
dµ(kj)e
−itS(kj)fj(kj)
(eitĤΨ, (1⊗ a(eitSf1) · · · a(eitSfj−1))T (kj)(1⊗ a(eitSfj+1) · · · a(eitSfn))ϕg)F
= ig
n∑
j=1
∫
M
dµ(kj)e
−itS(kj)fj(kj)
(eitĤΨ, T (kj)(1⊗ a(eitSf1) · · · \a(eitSfj) · · · a(eitSfn))ϕg)F .
Then by (H.3)-(3) and the fact that
s- lim
t→∞
(Ψ, e−itH(1⊗ a(eitSf1) · · ·a(eitSfn))eitE(H)ϕg) = 0,
we have
(Ψ, (1⊗ a(f1) · · ·a(fn))ϕg)F
= −ig
n∑
j=1
∫ ∞
0
dt
∫
M
dµ(kj)e
−itS(kj)fj(kj)
(T (kj)
∗eitĤΨ, (1⊗ a(eitSf1) · · · \a(eitSfj) · · · a(eitSfn))ϕg)F . (4.10)
Using (4.10) again, we have by (H.3)-(3),
(T (kj)
∗eitĤΨ, (1⊗ a(eitSf1) · · · \a(eitSfj) · · · a(eitSfn))ϕg)F
= −ig
n∑
j′=1,j′ 6=j
∫ ∞
0
dt′
∫
M
dµ(kj′)e
−i(t+t′)S(kj′ )fj′(kj′)(T (kj′)
∗eit
′ĤT (kj)
∗eitĤΨ,
(1⊗ a(ei(t+t′)Sf1) · · · \a(ei(t+t′)Sfj) · · · \a(ei(t+t′)Sfj′) · · · a(ei(t+t′)Sfn))ϕg)F .
We can inductively obtain that
(Ψ, (1⊗ a(f1) · · · a(fn))ϕg)F
= (−ig)n ∑
σ∈Pn
∫ ∞
0
dt1
∫
M
dµ(kσ(1)) · · ·
∫ ∞
0
dtn
∫
M
dµ(kσ(n))
 n∏
j=1
fσ(j)(kσ(j))

e−it1
∑n
j=1
S(kσ(j))e−it2
∑n
j=2
S(kσ(j)) · · · e−itnS(kσ(n))
(T (kn)
∗eitnĤ · · ·T (k1)∗eit1ĤΨ, ϕg)F
= (−ig)n ∑
σ∈Pn
∫ ∞
0
dt1
∫
M
dµ(kσ(1)) · · ·
∫ ∞
0
dtn
∫
M
dµ(kσ(n))
 n∏
j=1
fσ(j)(kσ(j))

(T (kσ(n))
∗eitn(Ĥ+
∑n
j=n
S(kσ(j))) · · ·T (kσ(1))∗eit1(Ĥ+
∑n
j=1
S(kσ(j)))Ψ, ϕg)F .
Since by (H.3)-(4),∫
M
dµ(kσ(n))
n∏
j=1
fσ(j)(kσ(j))
(T (kσ(n))
∗eitn(Ĥ+
∑n
j=n
S(kσ(j))) · · ·T (kσ(1))∗eit1(Ĥ+
∑n
j=1
S(kσ(j)))Ψ, ϕg)F
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is in L1([0,∞), dtn), we have∫ ∞
0
dtn
∫
M
dµ(kσ(n))
 n∏
j=1
fσ(j)(kσ(j))

(T (kσ(n−1))
∗eitn−1(Ĥ+
∑n
j=n−1
S(kσ(j))) · · ·T (kσ(1))∗eit1(Ĥ+
∑n
j=1
S(kσ(j)))Ψ,
e−itn(Ĥ+S(kσ(n)))T (kσ(n))ϕg)F
= lim
ǫ→0
∫ ∞
0
dtne
−ǫtn
∫
M
dµ(kσ(n))
 n∏
j=1
fσ(j)(kσ(j))

(T (kσ(n−1))
∗e
itn−1(Ĥ+
∑n
j=n−1
S(kσ(j))) · · ·T (kσ(1))∗eit1(Ĥ+
∑n
j=1
S(kσ(j)))Ψ,
e−itn(Ĥ+S(kσ(n)))T (kσ(n))ϕg)F
= (−i)
∫
M
dµ(kσ(n))
 n∏
j=1
fσ(j)(kσ(j))

(T (kσ(n−1))
∗eitn−1(Ĥ+
∑n
j=n−1
S(kσ(j))) · · ·T (kσ(1))∗eit1(Ĥ+
∑n
j=1
S(kσ(j)))Ψ,
RσnT (kσ(n))ϕg)F .
Here we used the Lebesgue dominated convergence theorem and Fubini’s lemma. Sim-
ilarly using (H.3)-(4) we can obtain that∫ ∞
0
dtn−1
∫
M
dµ(kσ(n−1))
∫ ∞
0
dtn
∫
M
dµ(kσ(n))
 n∏
j=1
fσ(j)(kσ(j))

(T (kσ(n))
∗e
itn(Ĥ+
∑n
j=n
S(kσ(j))) · · ·T (kσ(1))∗eit1(Ĥ+
∑n
j=1
S(kσ(j)))Ψ, ϕg)F
= (−i)
∫ ∞
0
dtn−1
∫
M
dµ(kσ(n−1))
∫
M
dµ(kσ(n))
 n∏
j=1
fσ(j)(kσ(j))

(T (kσ(n−1))
∗eitn−1(Ĥ+
∑n
j=n−1
S(kσ(j))) · · ·T (kσ(1))∗eit1(Ĥ+
∑n
j=1
S(kσ(j)))Ψ,
RσnT (kσ(n))ϕg)F
= (−i)2
∫
M
dµ(kσ(n−1))
∫
M
dµ(kσ(n))
 n∏
j=1
fσ(j)(kσ(j))

(T (kσ(n−2))
∗eitn−2(Ĥ+
∑n
j=n−2
S(kσ(j))) · · ·T (kσ(1))∗eit1(Ĥ+
∑n
j=1
S(kσ(j)))Ψ,
Rσn−1T (kσ(n−1))R
σ
nT (kσ(n))ϕg)F .
Thus inductively we can see that
(Ψ, (1⊗ a(f1) · · ·a(fn))ϕg)F
= (−g)n ∑
σ∈Pn
∫
Mn
n∏
j=1
dµ(kσ(j))
n∏
j=1
fσ(j)(kσ(j))(Ψ, R
σ
1T (kσ(1)) · · ·RσnT (kσ(n))ϕg)F .
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By (4.8) and the fact that E is dense, we obtain that for fj ∈ Cn, j = 1, ..., n,
(1⊗ a(f1) · · · a(fn))ϕg
= (−g)n ∑
σ∈Pn
∫
Mn
n∏
j=1
dµ(kσ(j))
 n∏
j=1
fσ(j)(kσ(j))
Rσ1T (kσ(1)) · · ·RσnT (kσ(n))ϕg
= (−g)n ∑
σ∈Pn
∫
Mn
n∏
j=1
dµ(kj)
 n∏
j=1
fj(kj)
Rσ1T (kσ(1)) · · ·RσnT (kσ(n))ϕg. (4.11)
Let fj ∈ M−1/2 ∩M[n/2], j = 1, ..., n. Take sequences {fjm}m, j = 1, ..., n, in Cn such
that s-limm→∞ fjm/
√
Sk = fj/
√
Sk, j = 1, ..., n, for 0 ≤ k ≤ n. Then
s- lim
m→∞
(1⊗ a(f1m) · · ·a(fnm))ϕg = (1⊗ a(f1) · · ·a(fn))ϕg. (4.12)
Moreover by (4.8) it follows that
s- lim
m→∞
∫
Mn
n∏
j=1
dµ(kj)
 n∏
j=1
fjm(kj)
Rσ1T (kσ(1)) · · ·RσnT (kσ(n))ϕg
=
∫
Mn
n∏
j=1
dµ(kj)
 n∏
j=1
fj(kj)
Rσ1T (kσ(1)) · · ·RσnT (kσ(n))ϕg. (4.13)
Hence (4.11) can be extended for fj ∈ M−1/2 ∩ M[n/2], j = 1, ..., n, by (4.12) and
(4.13). Then the lemma follows. ✷
Lemma 4.4 Let {ej}∞j=1 be a complete orthonormal system in K. Then (1) and (2)
are equivalent.
(1) Ψ ∈
∞⋂
i1,...,in=1
D(a(ei1) · · · a(ein)) and
∞∑
i1,...,in=1
‖a(ei1) · · ·a(ein)Ψ‖2Fb(K) <∞.
(2) Ψ ∈ D(
n∏
j=1
(N − j + 1)1/2).
Suppose that (1) or (2) holds. Then
∞∑
i1,...,in=1
‖a(ei1) · · ·a(ein)Ψ‖2Fb(K) = ‖
n∏
j=1
(N − j + 1)1/2Ψ‖2Fb(K).
Proof: See Appendix. ✷
Theorem 4.5 Assume (H.1)-(H.4). Then (1) and (2) are equivalent.
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(1)
∫
Mn
n∏
j=1
dµ(kj)‖
∑
σ∈Pn
Rσ1T (kσ(1)) · · ·RσnT (kσ(n))ϕg‖2F <∞.
(2) ϕg ∈ D(1⊗
n∏
j=1
(N − j + 1)1/2).
Furthermore suppose that (1) or (2) holds. Then
‖(1⊗
n∏
j=1
(N − j + 1)1/2)ϕg‖2F
= g2n
∫
Mn
n∏
j=1
dµ(kj)‖
∑
σ∈Pn
Rσ1T (kσ(1)) · · ·RσnT (kσ(n))ϕg‖2F . (4.14)
Proof: Let us define
κ(k1 · · · kn) :=
∑
σ∈Pn
Rσ1T (kσ(1)) · · ·RσnT (kσ(n))ϕg, a.e. (k1, ..., kn) ∈Mn,
and T : ⊗nL2(M)→ F by
T (f1 ⊗ · · · ⊗ fn) :=
∫
Mn
n∏
j=1
dµ(kj)f(k1) · · ·f(kn)κ(k1 · · · kn).
Then
(1⊗ a(f1) · · ·a(fn))ϕg = (−g)nT (f1 ⊗ · · · ⊗ fn)
for fj ∈M−1/2 ∩M[n/2], j = 1, ..., n. Adjoint operator T ∗ : F → ⊗nL2(M) ∼= L2(Mn)
is given by
(T ∗Φ)(k1, ..., kn) = (κ(k1, ..., kn),Φ)F
for almost ever (k1, ..., kn) ∈ Mn. Then T ∗ is a Carleman operator [24] with kernel κ.
Thus T ∗ is a Hilbert-Schmidt operator if and only if∫
Mn
n∏
j=1
dµ(kj)‖κ(k1 · · · kn)‖2F <∞.
Namely T is a Hilbert-Schmidt operator if and only if∫
Mn
n∏
j=1
dµ(kj)‖
∑
σ∈Pn
Rσ1T (kσ(1)) · · ·RσnT (kσ(n))ϕg‖2F <∞. (4.15)
Let {ej}∞j=1 be a complete orthonormal system in L2(M) such that ej ∈M−1/2∩M[n/2],
j ≥ 1. If T is a Hilbert-Schmidt operator, then
∞ > g2n
∫
Mn
n∏
j=1
dµ(kj)‖
∑
σ∈Pn
Rσ1T (kσ(1)) · · ·RσnT (kσ(n))ϕg‖2F
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= g2n
∫
Mn
n∏
j=1
dµ(kj)‖κ(k1 · · ·kn)‖2F = g2nTr(T ∗T ) = g2n
∞∑
i1,...,in
‖T (ei1 ⊗ · · · ⊗ ein)‖2F
=
∞∑
i1,...,in
‖(1⊗ a(ei1) · · ·a(ein))ϕg‖2F = ‖(1⊗
n∏
j=1
(N − j + 1)1/2)ϕg‖2F . (4.16)
Thus (4.15) is equivalent to ϕg ∈ D(1 ⊗
n∏
j=1
(N − j + 1)1/2). Moreover (4.14) follows
from (4.16). The proof is complete. ✷
Assumption (H.5) is as follows.
(H.5) The closure of (H − E(H) + S(k))−1T (k), [(H − E(H) + S(k))−1T (k)], is a
bounded operator for almsot every k ∈M , and
‖[(H −E(H) + S(·))−1T (·)]‖F→F ∈M0.
Theorem 4.6 In addition to (H.1)-(H.4), we assume (H.5). Then
ϕg ∈ D(1⊗Nn/2).
Proof: Note that
D(Nn/2) =
n⋂
ℓ=1
D(
ℓ∏
j=1
(N − j + 1)1/2). (4.17)
See e.g., [15, Lemma 3.2]. We see that for all 1 ≤ ℓ ≤ n,
‖(1⊗
ℓ∏
j=1
(N − j + 1)1/2)ϕg‖2F
= g2ℓ
∫
Mℓ
ℓ∏
j=1
dµ(kj)‖
∑
σ∈Pℓ
Rσ1T (kσ(1)) · · ·Rσℓ T (kσ(ℓ))ϕg‖2F
≤ ℓ(ℓ!)2g2ℓ‖ϕg‖2F
(∫
M
‖(H −E(H) + S(k))−1T (k)‖2F→Fdµ(k)
)ℓ
<∞.
Then
ϕg ∈
n⋂
ℓ=1
D(
ℓ∏
j=1
(N − j + 1)1/2).
By (4.17) the theorem follows. ✷
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5 GSB models
5.1 Regularities of ground states
The Hilbert space for the GSB model is defined by
FSB := H⊗Fb(L2(Rν)).
Let a(f) and a∗(f), f ∈ L2(Rν), be the annihilation operator and the creation operator
of Fb(L2(Rν)), respectively. Set
φ(λ) :=
1√
2
(a∗(λ) + a(λ)) , λ ∈ L2(Rν).
Hamiltonians of GSB models are defined by
HSB := HSB,0 + αHSB,I,
where α is a coupling constant,
HSB,0 := A⊗ 1 + 1⊗ dΓ(ω)
and
HSB,I :=
J∑
j=1
Bj ⊗ φ(λj).
Here ω is a nonnegative multiplication operator on L2(Rν), Bj, j = 1, ..., J , closed
symmetric operators onH, and∑Jj=1Bj ⊗ φ(λj) denotes the closure of∑Jj=1Bj⊗φ(λj).
Using fundamental inequalities (2.4) and (2.5) we have
‖φ(λ)Ψ‖Fb(L2(Rν)) ≤
1√
2
(‖λ/√ω‖L2(Rν) + 2‖λ‖L2(Rν))‖(dΓ(ω) + 1)1/2Ψ‖Fb(L2(Rν)) (5.1)
for Ψ ∈ D(dΓ(ω)1/2). Assumptions are as follows.
(B.1) A is self-adjoint and bounded from below.
(B.2) λj, λj/
√
ω ∈ L2(Rν), j = 1, ..., J .
(B.3) D(Aˆ1/2) ⊂ ⋂Jj=1D(Bj), where Aˆ := A−E(A), and there exist constants aj and
bj such that
‖Bjf‖H ≤ aj‖Aˆ1/2f‖H + bj‖f‖H, j = 1, ..., J, f ∈ D(Aˆ1/2).
Moreover
|α| ≤
 J∑
j=1
aj‖λj/
√
ω‖2L2(Rν)
−1 .
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Proposition 5.1 Assume (B.1)-(B.3). Then HSB is self-adjoint and bounded from
below on D(HSB,0) = D(A⊗ 1)∩ (1⊗ dΓ(ω)). Moreover it is essentially self-adjoint on
any core of HSB,0.
Proof: It is easily seen that for Ψ ∈ D(HSB,0),
‖HSB,IΦ‖FSB ≤
 J∑
j=1
aj‖λj/
√
ω‖2L2(Rν)
 ‖HSB,0Φ‖FSB + b‖Φ‖FSB (5.2)
with some constant b > 0. Then by the Kato-Rellich theorem, the proposition follows.
✷
To formulate additional assumptions we define
Y :=
ν⋃
n=1
{k = (k1, ..., kν) ∈ Rν |kn = 0}.
We assume (B.4) and (B.5).
(B.4) λj ∈ C2(Rν \ Y ), j = 1, ..., J .
(B.5) (1) ω ∈ C3(Rν \ Y ) and ∂ω(k)/∂kn 6= 0 on Rν \ Y , n = 1, ..., ν,
(2) ω is purely absolutely continuous.
Remark 5.2 In [3] the existence of ground states of HSB is proven under some condi-
tions on ω for α with |α| sufficiently small. Moreover for massive cases the multiplicity
of ground states is studied in [3]. For massless cases, an upper bound of the multiplicity
of ground states is shown in [16].
We see that, for Ψ,Φ ∈ D(HSB,0),
[1⊗ a(f), HSB,I]D(HSB,0)W (Ψ,Φ) =
∫
Rν
f(k)(Ψ, TSB(k)Φ)FSBdk, (5.3)
where
TSB(k) :=
 J∑
j=1
λj(k)Bj
⊗ 1.
Theorem 5.3 Assume that (B.1)-(B.5). Let G be a nonnegative multiplication oper-
ator on L2(Rν). Then
ϕg ∈ D(1⊗ dΓ(G)1/2)
if and only if ∫
Rν
G(k)‖(HSB −E(HSB) + ω(k))−1TSB(k)ϕg‖2FSBdk <∞.
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Furthermore suppose ϕg ∈ D(1⊗ dΓ(G)1/2). Then
‖(1⊗ dΓ(G)1/2)ϕg‖2FSB =
∫
Rν
G(k)‖(HSB − E(HSB) + ω(k))−1TSB(k)ϕg‖2FSBdk.
Proof: Under the identifications:
H = HSB, HI = HSB,I, S(k) = ω(k), T (k) = TSB(k), C0 = C20(Rν \ Y ), (5.4)
it is enough to check (A.1)-(A.5) by Theorem 2.8. (A.1), (A.2) and (A.3) follow from
(5.2), (5.3) and (B.5)-(2), respectively. Since
‖TSB(k)ϕg‖FSB ≤
J∑
j=1
λj(k)‖(Bj ⊗ 1)ϕg‖FSB,
it is seen that
‖TSB(·)ϕg‖FSB , ‖TSB(·)ϕg‖FSB/
√
ω ∈ L2(Rν)
by (B.2). Thus (A.5) follows. We shall check (A.4). (A.4)-(1) is trivial. It is seen that
for k ∈ Rν \ Y ,
e−isω(k) = − 1
s2
(
∂ω(k)
∂kµ
)−1
∂
∂kµ
(∂ω(k)
∂kµ
)−1
∂
∂kµ
e−isω(k)
 , µ = 1, ..., ν. (5.5)
Then by the integration by parts formula,∣∣∣∣∫
Rν
f(k)(Ψ, e−is(HSB−E(HSB)+ω(k))TSB(k)ϕg)FSBdk
∣∣∣∣
≤ 1
s2
J∑
j=1
∫
Rν
dk
∣∣∣∣∣∣ ∂∂kµ
(
∂ω(k)
∂kµ
)−1
∂
∂kµ
(
∂ω(k)
∂kµ
)−1
f(k)λj(k)
∣∣∣∣∣∣∣∣∣(Ψ, e−is(HSB−E(HSB))(Bj ⊗ 1)ϕg)FSB∣∣∣
≤ 1
s2
J∑
j=1
∫
Rν
dk
∣∣∣∣∣∣ ∂∂kµ
(
∂ω(k)
∂kµ
)−1
∂
∂kµ
(
∂ω(k)
∂kµ
)−1
f(k)λj(k)
∣∣∣∣∣∣
‖Ψ‖FSB‖(Bj ⊗ 1)ϕg‖FSB.
Since the integrand of the right-hand side above is integrable for f ∈ C20(Rν \ Y ), we
obtain that∫
Rν
f(k)(Ψ, e−is(HSB−E(HSB)+ω(k))TSB(k)ϕg)FSBdk ∈ L1([0,∞), ds).
Thus (A.4)-(2) follows and the proof is complete. ✷
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Corollary 5.4 Let G be a nonnegative multiplication operator on L2(Rν). In addition
to (B.1)-(B.5), suppose that
√
Gλj/ω ∈ L2(Rν), j = 1, ..., J. (5.6)
Then ϕg ∈ D(1⊗ dΓ(G)1/2). In particular suppose that
λj/ω ∈ L2(Rν), j = 1, ..., J.
Then ϕg ∈ D(1⊗N1/2)
Proof: From (5.6) it follows that∫
Rν
G(k)‖(HSB −E(HSB) + ω(k))−1TSB(k)ϕg‖2FSBdk
<
J∑
j=1
∫
Rν
G(k)|λj(k)/ω(k)|2dk‖(Bj ⊗ 1)ϕg‖2FSB <∞.
Thus the corollary follows from Theorem 5.3. ✷
Example 5.5 Typical examples of λj, j = 1, ..., J , and ω are
ω(k) = |k|, λj = ρj/
√
ω, j = 1, ..., J,
with some nonnegative functions ρj such that ρj ∈ C2(Rν), ρj/√ω ∈ L2(Rν) and ρj/ω ∈
L2(Rν), j = 1, ..., J . Let γ ≥ 0. In addition to (B.1) and (B.3), suppose that
ρjω
γ/ω
3
2 ∈ L2(Rν), j = 1, ..., J.
Then ϕg ∈ D(1⊗ dΓ(ωγ)1/2).
5.2 Absence of ground states
Theorem 5.6 Assume (B.1)-(B.5). Let G be a nonnegative multiplication operator
on L2(Rν). Then HSB has no ground state ϕg in D(1⊗ dΓ(G)1/2) such that
√
G
ω
J∑
j=1
(ϕg, (Bj ⊗ 1)ϕg)FSBλj 6∈ L2(Rν).
Proof: By Theorems 5.3 and 3.1 under identification (5.4), there exists no ground state
ϕg in D(1⊗ dΓ(G)1/2) such that
√
G
ω
(ϕg, TSB(·)ϕg)FSB 6∈ L2(Rν).
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Since
(ϕg, TSB(k)ϕg)FSB =
J∑
j=1
(ϕg, (Bj ⊗ 1)ϕg)FSBλj(k),
the theorem follows. ✷
Corollary 5.7 Assume (B.1)-(B.5) and for some ℓ,
λℓ/ω 6∈ L2(Rν).
Then HSB has no ground state ϕg in D(1 ⊗ N1/2) such that (ϕg, (Bℓ ⊗ 1)ϕg) > 0 and
(ϕg, (Bj ⊗ 1)ϕg)λj ≥ 0 for all j but j 6= ℓ.
Proof: Since
∑J
j=1(ϕg, (Bj ⊗ 1)ϕg)FSBλj ≥ (ϕg, Bℓϕg)λℓ, we have
1
ω
J∑
j=1
(ϕg, (Bj ⊗ 1)ϕg)FSBλj 6∈ L2(Rν).
Thus by Theorem 5.6 with G = 1, the corollary follows. ✷
Example 5.8 Let ω(k) = |k| and λj = ρj/√ω with some nonnegative functions ρj
such that ρj ∈ C2(Rν), ρj/
√
ω ∈ L2(Rν) and ρj/ω ∈ L2(Rν), j = 1, ..., J . Suppose
(B.1), (B.3) and
ρℓω
γ/ω3/2 6∈ L2(Rν)
for some γ ≥ 0. Then HSB has no ground state ϕg in D(1 ⊗ dΓ(ωγ)1/2) such that
(ϕg, (Bℓ ⊗ 1)ϕg) > 0 and (ϕg, (Bj ⊗ 1)ϕg)λj ≥ 0 for all j but j 6= ℓ.
5.3 Higher order regularities
In this subsection, we fix a natural number n and consider cores of (HSB + 1)
n.
5.3.1 Cores of (HSB + 1)
n
We define adkA(B) by ad
0
A(B) := B and ad
k
A(B) := [A, ad
k−1
A (B)] for k ≥ 1. If D is an
invariant subspace of A and B, we have for all Ψ ∈ D,
[Ak, B]Ψ =
k∑
ℓ=1
(
k
ℓ
)
adℓA(B)A
k−ℓΨ, adkA(BC)Ψ =
k∑
ℓ=0
(
k
ℓ
)
adℓA(B)ad
k−ℓ
A (C)Ψ. (5.7)
(B.6) There exists a dense subspace D∞ ⊂ H such that
(1) D∞ ⊂ D(A) ∩
[
∩Jj=1D(Bj)
]
,
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(2) AD∞ ⊂ D∞ and BjD∞ ⊂ D∞, j = 1, ..., J ,
(3) An⌈D∞ is essentially self-adjoint,
(4) there exist constants ak and bk such that for all Ψ ∈ D∞ and j = 1, ..., J ,
‖adkA(Bj)Ψ‖L2(Rν) ≤ ak‖Aˆ(k+1)/2Ψ‖L2(Rν) + bk‖Ψ‖L2(Rν), 0 ≤ k ≤ n.
(B.7) ωkλj/
√
ω ∈ L2(Rν) and ωkλj ∈ L2(Rν) for 0 ≤ k ≤ n and j = 1, ..., J .
Example 5.9 Let A and Bj, j = 1, ..., J , be bounded. Then (B.6) are satisfied with
D∞ = H.
Example 5.10 Let S(Rν) be the Schwartz space of rapidly dicreasing C∞ functions
on Rν and V ∈ S(Rν) be real-valued. Let A = −∆ + βV and Bj = −i∇j , j = 1, ..., ν.
Then (B.6) is satisfied with D∞ = S(Rν) for β with |β| sufficiently small. See Appendix
for details.
Let us define a Hamiltonian K by
K := K0 + αHSB,I,
where
K0 := Aˆ⊗ 1 + 1⊗ dΓ(ω).
The self-adjoint operator (K + 1)n is defined through the spectral theorem, i.e.,
(K + 1)n =
∫
[E(HSB),∞)
(λ− E(A) + 1)ndE(λ),
where E(λ) is the spectral projection associated with HSB. Let
F∞ := D∞ ⊗alg FC
∞(ω)
b,0 ,
where C∞(ω) := ∩∞n=1D(ωn) and ⊗alg denotes the algebraic tensor product. Since HSB
leaves F∞ invariant, it follows that
F∞ ⊂ ∩∞n=1D(HnSB),
and canonical commutation relations for a(f) and a∗(g) hold on F∞.
Theorem 5.11 Suppose (B.1), (B.6) and (B.7). Then there exists α∗ > 0 such that
for α with |α| < α∗, (K+1)n is self-adjoint on D((K0+1)n) and essentially self-adjoint
on any core of (K0 + 1)
n. In particular it is essentially self-adjoint on F∞.
To prove Theorem 5.11 we prepare some lemmas.
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Lemma 5.12 Suppose (B.1), (B.6) and (B.7). Then there exist constants Cℓ, ℓ =
1, ..., m, such that, for Ψ ∈ F∞,
‖[(K0 + 1)m, HSB,I]Ψ‖FSB ≤
m∑
ℓ=1
(
m
ℓ
)
Cℓ‖(K0 + 1)m+1−(ℓ/2)Ψ‖FSB .
Proof: We see that, for Ψ ∈ F∞,
[(K0 + 1)
m, HSB,I]Ψ =
m∑
ℓ=1
(
m
ℓ
)
adℓK0+1(HSB,I)(K0 + 1)
m−ℓΨ. (5.8)
Using formula (5.7) we have
adℓK0+1(HSB,I)Ψ =
J∑
j=1
adℓK0((Bj ⊗ 1)(1⊗ φ(λj))Ψ
=
J∑
j=1
ℓ∑
k=0
(
ℓ
k
)
adkK0(Bj ⊗ 1)adℓ−kK0 (1⊗ φ(λj))Ψ
=
J∑
j=1
ℓ∑
k=0
(
ℓ
k
)
adk
Aˆ
(Bj)⊗ adℓ−kdΓ(ω)(φ(λj))Ψ
=
J∑
j=1
ℓ∑
k=0
(
ℓ
k
)
adk
Aˆ
(Bj)⊗ φ((−i)ℓ−kωℓ−kλj)iℓ−kΨ.
From (B.6)-(4), it follows that
‖adk
Aˆ
(Bj)⊗ φ((−i)ℓ−kωℓ−kλj)iℓ−kΨ‖FSB
≤ ak‖(Aˆ(k+1)/2 ⊗ φ((−i)ℓ−kωℓ−kλj))Ψ‖FSB + bk‖(1⊗ φ((−i)ℓ−kωℓ−kλj))Ψ‖FSB
≤ ξℓ−k,j
{
ak‖(Aˆ(k+1)/2 ⊗ (dΓ(ω) + 1)1/2)Ψ‖FSB + bk‖(1⊗ (dΓ(ω) + 1)1/2)Ψ‖FSB
}
,
where
ξm,j := (‖ωmλj/
√
ω‖L2(Rν) + 2‖ωmλj‖L2(Rν))/
√
2.
Note that
‖(Aˆ(k+1)/2 ⊗ (dΓ(ω) + 1)1/2)Ψ‖FSB ≤ ‖(K0 + 1)(k+2)/2Ψ‖FSB, k ≥ 0,
and
‖(1⊗ (dΓ(ω) + 1)1/2)Ψ‖FSB ≤ ‖(K0 + 1)1/2Ψ‖FSB.
Hence we have
‖adk
Aˆ
(Bj)⊗ φ((−i)ℓ−kωℓ−kλj))ik−ℓΨ‖FSB
≤ ξℓ−k,j
(
ak‖(K0 + 1)(k+2)/2Ψ‖FSB + bk‖(K0 + 1)1/2Ψ‖FSB
)
.
Regularities of ground states 28
From this it follows that
‖adℓK0+1(HSB,I)Ψ‖FSB
≤
J∑
j=1
ℓ∑
k=0
(
ℓ
k
)
ξℓ−k,j
(
ak‖(K0 + 1)(k+2)/2Ψ‖FSB + bk‖(K0 + 1)1/2Ψ‖FSB
)
≤
 ℓ∑
k=0
(
ℓ
k
)
J∑
j=1
ξℓ−k,j(ak + bk)
 ‖(K0 + 1)(ℓ+2)/2Ψ‖FSB . (5.9)
Hence from (5.9) and (5.8) the lemma follows. ✷
Lemma 5.13 Suppose (B.1), (B.6) and (B.7). Then there exist constants ck, k =
1, ..., n, such that
‖(K0 + 1)kHSB,IΨ‖FSB ≤ ck+1‖(K0 + 1)k+1Ψ‖FSB , Ψ ∈ F∞, 0 ≤ k ≤ n− 1. (5.10)
Proof: We prove the lemma by induction with respect to k. For k = 0, (5.10) holds
true. Assume that (5.10) is satisfied for k = 0, 1, ..., m− 1. We see that for Ψ ∈ F∞,
(K0 + 1)
mHSB,IΨ = HSB,I(K0 + 1)
mΨ+ [(K0 + 1)
m, HSB,I]Ψ.
By Lemma 5.12 we have
‖(K0 + 1)mHSB,IΨ‖FSB
≤ ‖HSB,I(K0 + 1)mΨ‖FSB +
m∑
ℓ=1
(
m
ℓ
)
Cℓ‖(K0 + 1)m+1−(ℓ/2)Ψ‖FSB
≤ c0‖(K0 + 1)m+1Ψ‖FSB +
m∑
ℓ=1
(
m
ℓ
)
Cℓ‖(K0 + 1)m+1−(ℓ/2)Ψ‖FSB
≤ (c0 +
m∑
ℓ=1
(
m
ℓ
)
Cℓ)‖(K0 + 1)m+1Ψ‖FSB
with some constant c0. Thus the lemma follows with cm+1 = c0+
∑m
ℓ=1
(
m
ℓ
)
Cℓ, m ≥ 1.
✷
Proof of Theorem 5.11
We have on F∞,
(K + 1)n = (K0 + 1)
n + αHI(n),
where
HI(n) := H
(1)
I + αH
(2)
I + · · ·+ αn−1H(n)I ,
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and
H
(1)
I :=
n∑
i=1
(K0 + 1) · · ·
i
HSB,I · · · (K0 + 1)︸ ︷︷ ︸
n
,
H
(2)
I :=
n∑
i1<i2
(K0 + 1) · · ·
i1
HSB,I · · ·
i2
HSB,I · · · (K0 + 1)︸ ︷︷ ︸
n
,
H
(3)
I :=
n∑
i1<i2<i3
(K0 + 1) · · ·
i1
HSB,I · · ·
i2
HSB,I · · ·
i3
HSB,I · · · (K0 + 1)︸ ︷︷ ︸
n
,
...
H
(n)
I := H
n
SB,I.
We see that
(K0 + 1)
nΨ =
n∑
k=0
k∑
ℓ=0
(
n
k
)(
k
ℓ
)
Aˆℓ ⊗ dΓ(ω)k−ℓΨ, Ψ ∈ F∞,
and
∑n
k=0
∑k
ℓ=0
(
n
k
)(
k
ℓ
)
Aˆℓ ⊗ dΓ(ω)k−ℓ is essentially self-adjoint on
C(Aˆn)⊗alg C(dΓ(ω)n),
where C(Aˆn) and C(dΓ(ω)n) are any cores of An and dΓ(ω)n, respectively. In particular
F∞ is a core of (K0 + 1)n. From Lemma 5.13 and the definition of H(j)I , j = 1, ..., n,
we can see that for Ψ ∈ F∞,
‖H(j)I Ψ‖FSB ≤ dj‖(K0 + 1)nΨ‖FSB, j = 1, ..., n,
with some constant dj, which implies that
‖HI(n)Ψ‖FSB ≤ (d1 + |α|d2 + · · ·+ |α|n−1dn)‖(K0 + 1)nΨ‖FSB.
Since F∞ is a core of (K0 + 1)n, we can see that D((K0 + 1)n) ⊂ D(HI(n)) and
‖HI(n)Ψ‖FSB ≤ (d1 + |α|d2 + · · ·+ |α|n−1dn)‖(K0 + 1)nΨ‖FSB , Ψ ∈ D((K0 + 1)n),
where HI(n) denotes the closure of HI(n)⌈F∞ . For α such that
|α|(d1 + |α|d2 + · · ·+ |α|n−1dn) < 1,
by the Kato-Rellich theorem
Kn := (K0 + 1)
n + αHI(n)
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is self-adjoint on D((K0+1)
n) and bounded from below. Moreover it is essentially self-
adjoint on any core of D((K0 + 1)
n). In particular Kn⌈F∞ is essentially self-adjoint.
Let
α∗ := max
{
|α|
∣∣∣|α|(d1 + |α|d2 + · · ·+ |α|n−1dn) ≤ 1} .
Since
(K + 1)n⌈F∞= Kn⌈F∞⊂ Kn⌈D((K0+1)n)
and Kn⌈D((K0+1)n) is self-adjoint for α with |α| < α∗, we conclude that
(K + 1)n = Kn⌈D((K0+1)n),
i.e., (K +1)n is self-adjoint on D((K0+1)
n) and essentially self-adjoint on any core of
(K0 + 1)
n for α with |α| < α∗. Thus we get the desired results. ✷
5.3.2 Higher order regularities of ground states
Lemma 5.14 Suppose (B.1), (B.6) and (B.7). Then there exist constants α∗∗ > 0
and ξk, k = 1, ..., n, such that for α with |α| < α∗∗,
‖(K0 + 1)kΨ‖FSB ≤ ξk‖(K + 1)kΨ‖FSB, 1 ≤ k ≤ n, Ψ ∈ D((K + 1)k).
In particular −1 ∈ ρ(K) and (K0 + 1)k(K + 1)−k, k = 1, ..., n, is a bounded operator
with
‖(K0 + 1)k(K + 1)−k‖FSB→FSB ≤ ξk.
Proof: We prove the lemma by induction with respect to k. For k = 1, we have
‖(K0 + 1)Ψ‖FSB ≤ ‖(K + 1)Ψ‖FSB + |α|‖HSB,IΨ‖FSB
≤ ‖(K + 1)Ψ‖FSB + |α|c0‖(K0 + 1)Ψ‖FSB
with some constant c0. Thus
‖(K0 + 1)Ψ‖FSB ≤ ξ1‖(K + 1)Ψ‖FSB, Ψ ∈ F∞, (5.11)
with ξ1 = 1/(1 − |α|c0) follows for α with |α| < 1/c0. Since F∞ is a core of K + 1,
(5.11) can be extended for Ψ ∈ D(K +1). Thus the lemma follows for k = 1. Suppose
that the lemma holds for k = m < n. Note that for Ψ ∈ F∞,
(K0 + 1)
m+1Ψ = (K0 + 1)(K + 1)
−1(K0 + 1)
m(K + 1)Ψ
+(K0 + 1)(K + 1)
−1[K + 1, (K0 + 1)
m]Ψ.
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We have
‖(K0 + 1)(K + 1)−1(K0 + 1)m(K + 1)Ψ‖FSB ≤ ξ1ξm‖(K + 1)m+1Ψ‖FSB (5.12)
and by Lemma 5.12,
‖(K0 + 1)(K + 1)−1[K + 1, (K0 + 1)m]Ψ‖FSB
≤ ξ1|α|‖[HSB,I, (K0 + 1)m]Ψ‖FSB
≤ ξ1|α|
m∑
ℓ=1
(
m
ℓ
)
Cℓ‖(K0 + 1)m+1−(ℓ/2)Ψ‖FSB
≤ ξ1|α|
(
m∑
ℓ=2
(
m
ℓ
)
Cℓ‖(K0 + 1)m+1−(ℓ/2)Ψ‖FSB +mC1‖(K0 + 1)m+(1/2)Ψ‖FSB
)
≤ ξ1|α|
(
m∑
ℓ=2
(
m
ℓ
)
Cℓ‖(K0 + 1)mΨ‖FSB +mC1‖(K0 + 1)m+1Ψ‖FSB
)
.
Thus we have
‖(K0 + 1)m+1Ψ‖FSB
≤ ξ1
1− ξ1|α|mC1
(
ξm‖(K + 1)m+1Ψ‖FSB + |α|
m∑
ℓ=2
(
m
ℓ
)
Cℓ‖(K0 + 1)mΨ‖FSB
)
≤ ξ1
1− ξ1|α|mC1 (ξm + |α|
m∑
ℓ=2
(
m
ℓ
)
Cℓξm)‖(K + 1)m+1Ψ‖FSB , Ψ ∈ F∞, (5.13)
for α with |α| < 1/ξ1mC1. Since F∞ is a core of (K + 1)m+1, (5.13) can be extended
for Ψ ∈ D((K + 1)m+1). Thus the lemma follows with α∗∗ := 1/(nξ1C1). ✷
Let
ǫ0 := E(A)− 1.
Corollary 5.15 Suppose (B.1), (B.6) and (B.7). Then ǫ0 ∈ ρ(HSB) and for α with
|α| < min{α∗, α∗∗}, operator (1⊗dΓ(ω)m)(HSB−ǫ0)−n for m ≤ n is a bounded operator.
Proof: We have
‖(1⊗ dΓ(ω)m)Ψ‖FSB ≤ ‖(K0 + 1)mΨ‖FSB ≤ ‖(K0 + 1)nΨ‖FSB (5.14)
for Ψ ∈ F∞. Since F∞ is a core of (K0 + 1)n, (5.14) can be extended for Ψ ∈
D((K0 + 1)
n). Thus (1⊗ dΓ(ω)m)(K0 + 1)−n is a bounded operator with
‖(1⊗ dΓ(ω)m)(K0 + 1)−n‖FSB→FSB ≤ 1.
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Hence Lemma 5.14 yields that
‖(1⊗ dΓ(ω)m)(HSB − ǫ0)−nΨ‖FSB
≤ ‖(1⊗ dΓ(ω)m)(K0 + 1)−n(K0 + 1)n(K + 1)−nΨ‖FSB
≤ ξn‖Ψ‖FSB .
Thus the corollary follows. ✷
Lemma 5.16 Suppose (B.1), (B.6) and (B.7). Then for α with |α| < α∗,
TSB(k) : D((HSB − ǫ0)m) −→ D((HSB − ǫ0)m−1), 1 ≤ m ≤ n. (5.15)
In particular
D((HSB − ǫ0)n) ⊂ D(TSB(km)∗eitmĤSB · · ·TSB(k1)∗eit1ĤSB), 1 ≤ m ≤ n, (5.16)
where ĤSB := HSB − E(HSB).
Proof: Let Ψ ∈ F∞. We have
(K0 + 1)
m−1(Bj ⊗ 1)Ψ
= (Bj ⊗ 1)(K0 + 1)m−1Ψ+ [(K0 + 1)m−1, Bj ⊗ 1]Ψ
= (Bj ⊗ 1)(K0 + 1)m−1Ψ+
m−1∑
ℓ=1
(
m− 1
ℓ
)
adℓK0(Bj ⊗ 1)(K0 + 1)m−1−ℓΨ.
By (B.6)-(4), we have
‖adℓK0(Bj ⊗ 1)Ψ‖FSB = ‖(adℓA(Bj)⊗ 1)Ψ‖FSB
≤ aℓ‖
(
Aˆ(ℓ+1)/2 ⊗ 1
)
Ψ‖FSB + bℓ‖Ψ‖FSB ≤ cℓ‖(K0 + 1)(ℓ+1)/2Ψ‖FSB
with some constant cℓ. Hence it follows that
‖(K0 + 1)m−1(Bj ⊗ 1)Ψ‖FSB
≤ c0‖(K0 + 1)m−(1/2)Ψ‖FSB +
m−1∑
ℓ=1
(
m− 1
ℓ
)
cℓ‖(K0 + 1)m−(ℓ+1)/2Ψ‖FSB
≤ C‖(K0 + 1)mΨ‖FSB
with come constant C. Thus for Ψ,Φ ∈ F∞, it follows that
|((Bj ⊗ 1)Ψ, (K0 + 1)m−1Φ)FSB | ≤ C‖(K0 + 1)mΨ‖FSB‖Φ‖FSB . (5.17)
Regularities of ground states 33
It is seen that
‖(Bj ⊗ 1)Ψ‖FSB ≤ C‖(K0 + 1)1/2Ψ‖FSB , Ψ ∈ D((K0 + 1)1/2)).
From this it follows that
‖(Bj ⊗ 1)Ψ‖FSB ≤ C‖(K0 + 1)mΨ‖FSB , Ψ ∈ D((K0 + 1)m)). (5.18)
Since F∞ is a core of (K0+1)m and Bj is a closed operator, using (5.18) we can extend
(5.17) for Ψ ∈ D((K0 + 1)m) and Φ ∈ D((K0 + 1)m−1). Set
Q(Ψ,Φ) := ((Bj ⊗ 1)Ψ, (K0 + 1)m−1Φ)FSB , Ψ ∈ D((K0 + 1)m),Φ ∈ D((K0 + 1)m−1).
For each fixed Ψ ∈ D((K0 + 1)m), Q(Ψ,Φ) can be extended for all Φ ∈ FSB by (5.17)
as a linear bounded functional, which is denoted by Q(Ψ,Φ). Thus, by the Riesz
representation theorem, there exists a unique FΨ ∈ FSB such that
Q(Ψ,Φ) = (FΨ,Φ)FSB , Ψ ∈ D((K0 + 1)m),Φ ∈ FSB. (5.19)
In particular
((Bj⊗1)Ψ, (K0+1)m−1Φ)FSB = (FΨ,Φ)FSB , Ψ ∈ D((K0+1)m),Φ ∈ D((K0+1)m−1).
This implies that (Bj ⊗ 1)Ψ ∈ D((K0 + 1)m−1) for Ψ ∈ D((K0 + 1)m), i.e.,
Bj ⊗ 1 : D((K0 + 1)m)→ D((K0 + 1)m−1).
Since TSB(k) = (
∑J
j=1 λj(k)Bj)⊗ 1, we have
TSB(k) : D((K0 + 1)
m)→ D((K0 + 1)m−1).
(5.15) follows from the fact that D((K0 + 1)
m) = D((K + 1)m) = D((HSB − ǫ0)m).
Noting that
eitĤSB : D((HSB − ǫ0)m)→ D((HSB − ǫ0)m),
we can conclude (5.16) and the proof is complete. ✷
Theorem 5.17 Suppose (B.1), (B.4)–(B.7) and
λj/ω ∈ L2(Rν), j = 1, .., J. (5.20)
Then for α with |α| < min{α∗, α∗∗},
ϕg ∈ D(1⊗Nn/2).
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Proof: By Theorem 4.6 it is enough to check (H.1)-(H.5) under identifcation (5.4) and
E = D((HSB − ǫ0)n), Cn = C20 (Rν \ Y ).
Since TSB(k) =
(∑J
j=1 λj(k)Bj
)
⊗ 1, (H.1) is satisfied. In Corollary 5.15 we checked
that (1⊗dΓ(ω)m)(HSB− ǫ0)−n, m ≤ n, is a bounded operator. This implies (H.2). Let
β :=
J∑
j=1
aj‖λj/
√
ω‖2L2(Rν).
Then
‖(Aˆ1/2 ⊗ 1)Ψ‖2FSB ≤ (Ψ, HSB,0Ψ)FSB + E(A)‖Ψ‖2FSB
≤ (1
2
+ |E(A)|)‖Ψ‖2FSB +
1
2
‖HSB,0Ψ‖2FSB
≤ (1
2
+ |E(A)|)‖Ψ‖2FSB +
1
2(1− |α|β)2‖HSBΨ‖
2
FSB
,
and
‖(Aˆ1/2 ⊗ 1)Ψ‖FSB ≤
1√
2(1− |α|β)‖HSBΨ‖FSB +
(
1
2
+ |E(A)|
)1/2
‖Ψ‖FSB.
Hence we have
‖TSB(k)Ψ‖FSB ≤
J∑
j=1
‖λj(k)(Bj ⊗ 1)Ψ‖FSB
≤
J∑
j=1
|λj(k)|
(
aj‖(Aˆ1/2 ⊗ 1)Ψ‖FSB + bj‖Ψ‖F
)
≤
J∑
j=1
|λj(k)|
{
aj/
√
2
1− |α|β‖HSBΨ‖FSB +
(
bj + aj
(
1
2
+ |E(A)|
)1/2)
‖Ψ‖FSB
}
≤
J∑
j=1
|λj(k)|
(
dj‖ĤSBΨ‖+ d′j‖Ψ‖
)
,
where
dj =
aj/
√
2
1− |α|β , d
′
j = bj + aj
(
1
2
+ |E(A)|
)1/2
+
aj |E(HSB)|/
√
2
1− |α|β .
Thus we can obtain that
‖TSB(k)(ĤSB + ω(k))−1Ψ‖FSB ≤
J∑
j=1
|λj(k)|
(
dj + d
′
j
1
ω(k)
)
‖Ψ‖FSB,
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from which it follows that
‖[(ĤSB + ω(k))−1TSB(k)]Ψ‖FSB ≤
J∑
j=1
|λj(k)|
(
dj + d
′
j
1
ω(k)
)
‖Ψ‖FSB.
From (B.2) and (5.20), it follows that
√
ω‖[(ĤSB + ω(·))−1TSB(·)]Ψ‖FSB , ‖[(ĤSB + ω(·))−1TSB(·)]Ψ‖FSB ∈ L2(Rν).
Thus (H.4) and (H.5) follow. Finally we shall check from (H.3)-(1) to (H.3)-(4). (H.3)-
(1) is trivial. In Lemma 5.16 we obtained that
D((HSB − ǫ0)n) ⊂ D(TSB(km)∗eitmĤSB · · ·TSB(k1)∗eit1ĤSB), 1 ≤ m ≤ n,
which implies (H.3)-(2). Note that
TSB(km)
∗eitmĤSB · · ·TSB(k1)∗eit1ĤSB
=
J∑
ℓ1,...,ℓm
λℓm(km) · · ·λℓ1(k1)(Bℓm ⊗ 1)eitmĤSB · · · (Bℓ1 ⊗ 1)eit1ĤSB,
Using (5.5) and the integration by parts formula, we obtain that for Ψ ∈ D((HSB−ǫ0)n),
fj ∈ C20 (Rν \ Y ), j = 1, ..., n, and Tm = t1 + · · ·+ tm,∣∣∣∣∫
Rν
dkme
−iTmω(km)fm(km)
(TSB(km)
∗eitmĤSB · · ·TSB(k1)∗eit1ĤSBΨ, (1⊗ a(eiTmωfm+1) · · · a(eiTmωfn))ϕg)FSB
∣∣∣∣
≤ 1|Tm|2
J∑
j=1
∫
Rν
dkm
∣∣∣∣Fj(km)(TSB(km−1)∗eitm−1ĤSB · · ·TSB(k1)∗eit1ĤSBΨ,
e−itmĤSBBj ⊗ a(eiTmωfm+1) · · ·a(eiTmωfn)ϕg)FSB
∣∣∣∣
≤ 1|Tm|2
J∑
j=1
∫
Rν
dkm|Fj(km)|
∥∥∥∥TSB(km−1)∗eitm−1ĤSB · · ·TSB(k1)∗eit1ĤSBΨ∥∥∥∥
FSB∥∥∥Bj ⊗ a(eiTmωfm+1) · · ·a(eiTmωfn)ϕg∥∥∥
FSB
, (5.21)
where
Fj(km) =
∂
∂kmµ
(
∂ω(km)
∂kmµ
)−1
∂
∂kmµ
(
∂ω(km)
∂kmµ
)−1
fm(km)λj(km).
Since ∥∥∥[Bj ⊗ a(eiTmωfm+1) · · ·a(eiTmωfn)]ϕg∥∥∥
FSB
≤ C
∥∥∥(Bj ⊗ dΓ(ω)(n−m)/2)ϕg∥∥∥
FSB
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with some C independent of Tm. Then the integrand of the right-hand side of (5.21)
is independent of Tm and integrable by (B.4) and (B.5). Thus the right-hand side of
(5.21) is in L1([0,∞); dtm). Hence (H.3)-(3) follows. Let
Rσk = (ĤSB +
n∑
ℓ=k
ω(kσ(ℓ)))
−1, σ ∈ Pn.
Using (5.5) and the integration by parts formula again, we see that
for Ψ ∈ D((HSB − ǫ0)n), fj ∈ C20(Rν \ Y ), j = 1, ..., n,∣∣∣∣∣∣
∫
Rν
dkσ(m) · · ·
∫
Rν
dkσ(n)
n∏
j=m
fσ(j)(kσ(j))
(TSB(kσ(m))
∗eitm(ĤSB+
∑n
j=m
ω(kσ(j))) · · ·TSB(kσ(1))∗eit1(ĤSB+
∑n
j=1
ω(kσ(j)))Ψ,
Rσm+1TSB(kσ(m+1)) · · ·RσnTSB(kσ(n))ϕg)FSB
∣∣∣
=
∣∣∣∣∣∣
∫
Rν
dkσ(m) · · ·
∫
Rν
dkσ(n)
n∏
j=m
fσ(j)(kσ(j))
eit1ω(kσ(1))ei(t1+t2)ω(kσ(2)) · · · ei(t1+···+tm−1)ω(kσ(m−1))ei(t1+···+tm)(ω(kσ(m)+···+ω(kσ(n))
(TSB(kσ(m))
∗eitmĤSB · · ·TSB(k∗σ(1)eit1ĤSBΨ,
Rσm+1TSB(kσ(m+1)) · · ·RσnTSB(kσ(n))ϕg)FSB
∣∣∣
=
1
t1 + · · ·+ tm
∣∣∣∣∣∣
J∑
j=1
∫
Rν
dkσ(m) · · ·
∫
Rν
dkσ(n)
n∏
j=m+1
fσ(j)(kσ(j))Fj(kσ(m))
eit1ω(kσ(1))ei(t1+t2)ω(kσ(2)) · · · ei(t1+···+tm−1)ω(kσ(m−1))ei(t1+···+tm)(ω(kσ(m+1)+···+ω(kσ(n))
(TSB(ks(m−1))
∗eitm−1ĤSB · · ·TSB(kσ(1))∗eit1ĤSBΨ,
e−itmĤSB(Bj ⊗ 1)Rσm+1TSB(kσ(m+1)) · · ·RσnTSB(kσ(n))ϕg)FSB
∣∣∣∣
≤ 1
t1 + · · ·+ tm
J∑
j=1
∫
Rν
dkσ(m) · · ·
∫
Rν
dkσ(n)
∣∣∣∣∣∣
n∏
j=m+1
fσ(j)(kσ(j))
∣∣∣∣∣∣ |Fj(kσ(m))|
‖TSB(ks(m−1))∗eitm−1ĤSB · · ·TSB(kσ(1))∗eit1ĤSBΨ‖FSB
‖(Bj ⊗ 1)Rσm+1TSB(kσ(m+1)) · · ·RσnTSB(kσ(n))ϕg)FSB‖FSB, (5.22)
where
Fj(kσ(m)) =
∂
∂kσ(m)µ
∂ω(kσ(m))
∂kσ(m)µ
−1 ∂
∂kσ(m)µ
∂ω(kσ(m))
∂kσ(m)µ
−1 fσ(m)(kσ(m))λj(kσ(m)).
Then the right-hand side of (5.22) is in L1([0,∞); dtm). Hence (H.3)-(4) follows. Thus
the proof is complete. ✷
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6 Concluding Remarks
In this section we give some remarks on ground states of the Nelson model and the
Pauli-Fierz model. Through this section we assume that ω is the multiplication oper-
ator on L2(Rν) by
ω(k) := |k|. (6.1)
6.1 The Nelson models
The so-called Nelson model was introduced by Nelson [19], which describes an iteraction
between nonrelativistic particles and a scalar quantum field. Here we consider only the
case where one nonrelativistic particle interacts with a scalar quantum field in Rν . Then
the Hilbert space for the Nelson model is defined by
FN := L2(Rν)⊗Fb(L2(Rν)) ∼=
∫ ⊕
Rν
Fb(L2(Rν))dx,
where
∫⊕
Rν
· · · dx denotes a constant fiber direct integral [23]. The Nelson Hmailtonian,
HN, is defined by
HN := HN,0 + gHN,I,
where g ∈ R is a coupling constant,
HN,0 :=
(
−1
2
∆ + V
)
⊗ 1 + 1⊗ dΓ(ω)
with V : Rν → R an external potential, and
HN,I :=
∫ ⊕
Rν
φ(x)dx
with
φ(x) :=
1√
2
{a(fxωλ) + a∗(fxωλ)} .
Here for each x ∈ Rν we define fxωλ ∈ L2(Rν) by
fxωλ(k) := λ(k)e
−ikx/
√
ω(k).
Proposition 6.1 Assume that λ/
√
ω, λ/ω ∈ L2(Rν) and that V is relatively bounded
with respect to −1
2
∆ with a relative bound strictly less than one. Then for all g ∈ R,
HN is self-adjoint on D(HN,0) and bounded from below. Moreover it is essentially self-
adjoint on any core of HN,0.
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Proof: See [19]. ✷
We see that
[1⊗ a(f), HN,I]D(HN)W (Ψ,Φ) =
∫
Rν
f¯(k)(Ψ, TN(k)Φ)FNdk,
where
TN(k) :=
λ(k)√
2ω(k)
∫ ⊕
Rν
e−ikxdx.
Under the following identifications
H = HN, HI = HN,I, S(k) = ω(k), T (k) = TN(k), C0 = C20(Rν \ Y ),
We can check that HN satisfies assumptions (A.1)-(A.5). We introduce an assumption.
(IR) On a neighboorhood of {0}, λ is continuous and λ(k) ∼ |k|p, where 2p ≤ 3− ν.
Suppose (IR). Then
λ/ω3/2 6∈ L2(Rν), (6.2)
and if a ground state ϕg of HN exists, then
1
ω
(ϕg, TN(·)ϕg)FN = (ϕg, e−i·xϕg)FN
λ√
2ω3/2
6∈ L2(R3). (6.3)
Thus it follows from Theorem 3.1 that, if (6.2) holds, then HN has no ground state ϕg
in D(1⊗N1/2). Actually the absence of ground states of HN under condition (6.2) has
been established. See [10, 18].
6.2 Infrared regular representation of the Nelson models
The Nelson model in a non-Fock representation is introduced and investigated in [2].
The Nelson Hamiltonian in a non-Fock representation is given as a self-adjoint operator
on FN by
HregN := HN,0 + gH
reg
N,I,
where HregN,I := H˜
reg
N,I − gW ⊗ 1 + gc, and
W (x) :=
∫
Rν
λ(k)2
ω(k)2
e−ikxdk, c :=
1
2
‖λ/ω‖2L2(Rν), H˜regN,I :=
∫ ⊕
Rν
φreg(x)dx.
Here
φreg(x) :=
1√
2
{a∗(fxωλ − fωλ0) + a(fxωλ − fωλ0)} .
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It is known [2] that in the case of λ/ω3/2 ∈ L2(Rν), there exists a unitary operator U
on FN such that
UHNU−1 = HregN . (6.4)
However, in the case of λ/ω3/2 6∈ L2(Rν), HN and HregN are not unitarily equivalent. We
see that
[1⊗ a(f), HregN,I]D(H
reg
N )
W (Ψ,Φ) =
∫
Rν
f(k)(Ψ, T regN (k)Φ)FNdk,
where
T regN (k) :=
λ(k)√
2ω(k)
∫ ⊕
Rν
(e−ikx − 1)dx.
Suppose that a ground state ϕg of H
reg
N exists and
‖(|x| ⊗ 1)ϕg‖FN <∞. (6.5)
Actually for some V , e.g., V (x) = −1/|x|, |x|2, (6.5) has been established. See, e.g.,
[7, 8, 16]. Then
1
ω(k)
|(ϕg, T regN (k)ϕg)FN | ≤
λ(k)|k|√
2ω(k)3/2
‖ϕg‖FN‖(|x| ⊗ 1)ϕg‖FN
=
λ(k)√
2ω(k)
‖ϕg‖FN‖(|x| ⊗ 1)ϕg‖FN .
Hence
1
ω
(ϕg, T
reg
N (·)ϕg)FN ∈ L2(Rν). (6.6)
Remark 6.2 We do not assume λ/ω3/2 ∈ L2(Rν) in (6.6).
In [2], the existence of a ground state ϕg of H
reg
N such that ϕg ∈ D(1 ⊗ N1/2) is
established without assuming λ/ω3/2 ∈ L2(Rν).
6.3 The Pauli-Fierz models
The Pauli-Fierz model [20] describes an interaction between nonrelativistic particles
and a quantum radiation field. The Hilbert space of the Pauli-Fierz model is given by
FPF := L2(Rν)⊗Fb(⊕ν−1L2(Rν)) ∼=
∫ ⊕
Rν
Fb(⊕ν−1L2(Rν))dx.
The creation operator and the annihilation operator are denoted by a∗(f1⊕· · ·⊕ fν−1)
and a(f1 ⊕ · · · ⊕ fν−1), respectively. The Pauli-Fierz Hamiltonian is defined by
HPF := HPF,0 + eHPF,I,
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where
HPF,0 :=
(
−1
2
∆ + V
)
⊗ 1 + 1⊗ dΓ(⊕ν−1ω),
HPF,I := −(p⊗ 1) · A+ e
2
A · A.
Here p = (−i∂/∂x1, ...,−i∂/∂xn) denotes the set of generalized partial differential
operator, e ∈ R a coupling constant, V an external potential and A = (A1, ..., Aν)
denotes a quantum radition field defined by
Aµ :=
∫ ⊕
Rν
Aµ(x)dx, µ = 1, ..., ν,
where
Aµ(x) :=
1√
2
{
a∗(⊕ν−1j ejµfxωλ) + a(⊕ν−1j ejµfxωλ)
}
and ej(k) = (ej1(k), ..., e
j
ν(k)) , j = 1, .., ν−1, denote ν-dimensional polarization vectors
such that
ej(k) · ej′(k) = δjj′1, k · ej(k) = 0, j, j′ = 1, .., ν − 1.
We can take e1, e2, ..., eν−1 such that ejµ (µ = 1, ..., ν, j = 1, ..., ν − 1) is continuous on
R
ν \ Z for some Z ⊂ Rν with Lebesgue measure |Z| = 0.
Proposition 6.3 Suppose that
√
ωλ, λ, λ/
√
ω, λ/ω ∈ L2(Rν) and that external poten-
tial V is relatively bounded with respect to −1
2
∆ with a relative bound strictly less than
one. Then HPF is self-adjoint on D(HPF,0) for all e ∈ R.
Proof: See [13, 14]. ✷
We see that
[1⊗ a(f1 ⊕ · · · ⊕ fν−1), HPF,I]D(HPF)W =
ν−1∑
j=1
∫
Rν
fj(k)(Ψ, TPFj(k)Φ)FPFdk,
where
TPFj(k) := −
λ(k)√
2ω(k)
uke
j(k) · (p⊗ 1− eA)
and uk : FPF → FPF is the unitary operator defined by uk = ∫⊕Rν e−ikxdx. Under the
following identifications
H = HPF, HI = HPF,I, S(k) = ⊕ν−1ω(k),
T (k) = ⊕ν−1j=1TPFj(k), C0 = C20(Rν \ (Z ∪ Y )),
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we can check that HPF satisfies assumptions (A.1)-(A.5). Suppose that there exists a
ground state ϕg of HPF such that ‖(|x| ⊗ 1)ϕg‖FPF <∞. Then we obtain that
TPFj(k)ϕg = i
λ(k)√
2ω(k)
{
(HPF −E(HPF)) + (p⊗ 1− eA) · k + 1
2
|k|2
}
uke
j(k)·(x⊗1)ϕg.
Then
ν−1∑
j=1
(ϕg, TPFj(k)ϕg)FPF
=
ν−1∑
j=1
i
λ(k)√
2ω(k)
(ϕg,
{
(p⊗ 1− eA) · k + 1
2
|k|2
}
uke
j(k) · (x⊗ 1)ϕg)FPF . (6.7)
By (6.7) we can obtain that
|
ν−1∑
j=1
(ϕg, TPFj(k)ϕg)FPF | ≤ (c1|k|+ c2|k|2)‖ϕg‖FPF‖(|x| ⊗ 1)ϕg‖FPF (6.8)
with some constants c1 and c2. See [16] for details. From this we can coclude that
1
ω
ν−1∑
j=1
(ϕg, TPFj(k)ϕg)FPF ∈ L2(Rν). (6.9)
Remark 6.4 We do not assume λ/ω3/2 ∈ L2(Rν) in (6.9).
In [6] the existence of a ground state ϕg of HPF such that ϕg ∈ D(1⊗N1/2) is actually
established without assuming λ/ω3/2 ∈ L2(Rν).
Remark 6.5 (6.9) holds for the dipole approximation of HPF, too. We omit the de-
tails. See [9].
7 Appendix
7.1 Proof of Lemma 2.7
Proof of (1) =⇒ (2).
Let Ψ = {Ψ(n)}∞n=0 ∈ Fb,0(K) be such that Ψ(n) = a∗(f (n)1 ) · · · a∗(f (n)n )Ω. Then, using
canonical commutation relations (2.1)–(2.3), we can show that
s- lim
M→∞
M∑
m=1
a∗(K∗em)a(K
∗em)Ψ
(n)
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= s- lim
M→∞
n∑
j=1
a∗(f
(n)
1 ) · · ·a∗(K∗
M∑
m=1
(em, Kf
(n)
j )em) · · · a∗(f (n)n )Ω
=
n∑
j=1
a∗(f
(n)
1 ) · · ·a∗(K∗Kf (n)j ) · · · a∗(f (n)n )Ω
= dΓ(K∗K)Ψ(n).
Hence we have
∞∑
m=1
‖a(K∗em)Ψ‖2Fb(K) =
finite∑
n=0
(Ψ(n),
∞∑
m=1
a∗(K∗em)a(K
∗em)Ψ
(n))⊗nsK
= (Ψ, dΓ(K∗K)Ψ)Fb(K) = ‖dΓ(T ∗K)1/2Ψ‖2Fb(K).
Since the finite linear hull of such Ψ’s, say D, is a core of dΓ(K∗K)1/2, we can
choose Ψǫ ∈ D for Ψ ∈ D(dΓ(K∗K)1/2) such that Ψǫ → Ψ and dΓ(K∗K)1/2Ψǫ →
dΓ(K∗K)1/2Ψ as ǫ → 0 strongly. From the facts that a(f) is a closed operator and
that by (2.4),
‖a(K∗em)Ψ‖Fb(K) ≤ ‖dΓ(K∗K)1/2Ψ‖Fb(K),
it follows that
lim
ǫ→0
‖a(K∗em)Ψǫ‖Fb(K) = ‖a(K∗em)Ψ‖Fb(K).
Then we obtain that
M∑
m=1
‖a(K∗em)Ψǫ‖2Fb(K) ≤
∞∑
m=1
‖a(K∗em)Ψǫ‖2Fb(K) = ‖dΓ(K∗K)1/2Ψǫ‖2Fb(K),
and as ǫ→ 0 on the both sides above,
M∑
m=1
‖a(K∗em)Ψ‖2Fb(K) ≤ ‖dΓ(K∗K)1/2Ψ‖2Fb(K).
Hence, taking M →∞ on the both sides above, we can conclude that
∞∑
m=1
‖a(K∗em)Ψ‖2Fb(K) <∞.
Proof of (1)⇐= (2).
Let Ψ = {Ψ(n)}∞n=0. We have
∞∑
m=1
‖a(K∗em)Ψ‖2Fb(K) =
∞∑
m=1
∞∑
n=1
‖a(K∗em)Ψ(n)‖2⊗n−1s K
= lim
M→∞
∞∑
n=1
M∑
m=1
‖a(K∗em)Ψ(n)‖2⊗n−1s K =
∞∑
n=1
lim
M→∞
M∑
m=1
‖a(K∗em)Ψ(n)‖2⊗n−1s K. (7.1)
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Here on the third equality we used the monotone convergence theorem. The restriction
AM :=
∑M
m=1 a
∗(K∗em)a(K
∗em)⌈⊗nsK is a bounded operator, and
‖AM‖⊗nsK→⊗nsK ≤ ‖dΓn(K∗K)1/2‖⊗nsK→⊗nsK.
Then
s- lim
M→∞
AM = dΓn(K
∗K)
on ⊗nsK. Hence we have by (7.1),
∞ >
∞∑
m=1
‖a(K∗em)Ψ‖2Fb(K) =
∞∑
n=1
lim
M→∞
(Ψ(n), AMΨ
(n))⊗nsK
=
∞∑
n=1
(Ψ(n), dΓn(K
∗K)Ψ(n))⊗nsK =
∞∑
n=0
‖dΓn(K∗K)1/2Ψ(n)‖2⊗nsK
= ‖dΓ(K∗K)1/2Ψ‖2Fb(K).
Thus the lemma is proven. ✷
7.2 Proof of Lemma 4.4
It is seen that for Ψ = a∗(f1) · · · a∗(fm)Ω,
lim
m1,...,mn→∞
m1,...,mn∑
i1,...,in=1
‖a(ei1) · · · a(ein)Ψ‖2Fb(K) = m(m− 1) · · · (m− n+ 1)‖Ψ‖2Fb(K).
Hence by a limiting argument we have for Ψ ∈ Fb,0(K),
lim
m1,...,mn→∞
m1,...,mn∑
i1,...,in=1
‖a(ei1) · · ·a(ein)Ψ‖2Fb(K) = ‖
n∏
j=1
(N − j + 1)Ψ‖2Fb(K).
Proof of (1) =⇒ (2)
Let ΨM ∈ Fb,0(K) be a truncated vector for Ψ defined by Ψ(m)M :=
{
Ψ(m), m ≤M,
0, m > M.
Then
∞∑
i1,...,in=1
‖a(ei1) · · · a(ein)ΨM‖2Fb(K) = ‖
n∏
j=1
(N − j + 1)ΨM‖2Fb(K)
=
M∑
m=0
‖
n∏
j=1
(N − j + 1)Ψ(m)‖2⊗ms K.
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Take M → ∞ on the both sides above. Then we have by the monotone convergence
theorem,
∞ >
∞∑
i1,...,in=1
‖a(ei1) · · ·a(ein)Ψ‖2Fb(K) =
∞∑
m=0
‖
n∏
j=1
(N − j + 1)Ψ(m)‖2⊗ms K
= ‖
n∏
j=1
(N − j + 1)Ψ‖2Fb(K).
Thus (2) follows.
Proof of (2) =⇒ (1)
m1,...,mn∑
i1,...,in=1
‖a(ei1) · · ·a(ein)Ψ‖2Fb(K) ≤ ‖
n∏
j=1
(N − j + 1)Ψ‖2Fb(K).
Take m1, ..., mn →∞ on the both sides above. Thus (1) follows. ✷
7.3 Example 5.10
In this section we shall prove that A = −∆ + βV , V ∈ S(Rν), and Bj = −i∇j(= pj),
j = 1, ..., ν, satisfy (B.6) with D∞ = S(Rν) for β with |β| sufficiently small.
Proposition 7.1 Suppose that |β| is sufficiently small. Then (1) An is self-adjoint on
D(An) = D((−∆)n)
and essentially self-adjoint on any core of (−∆)n. In particular An is essentially self-
adjoint on S(Rν), (2) there exist constants ak and bk such that for all Ψ ∈ S(Rν) and
j = 1, ..., ν,
‖adkA(pj)Ψ‖L2(Rν) ≤ ak‖Aˆ(k+1)/2Ψ‖L2(Rν) + bk‖Ψ‖L2(Rν), k ≥ 0.
Before going to a proof of Proposition 7.1 we prepare some lemmas. In this section we
write ‖ · ‖ for ‖ · ‖L2(Rν) for simplicity. Note that
‖pj1 · · · pjmΦ‖ ≤ ‖(−∆)m/2Φ‖, Φ ∈ S(Rν), 1 ≤ j1, ..., jm ≤ ν,
and for k ≤ l,
‖(−∆)k/2Φ‖ ≤ Ck,ℓ(‖(−∆)l/2Φ‖ + ‖Φ‖), Φ ∈ S(Rν), (7.2)
with some constant Ck,ℓ. The operators A and pj leave S(Rν) invariant and we see that
An⌈S(Rν)= ((−∆)n + βKI)⌈S(Rν),
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where
KI :=
∑
j
(−∆) · · · jV · · · (−∆)︸ ︷︷ ︸
n
+β
∑
j1<j2
(−∆) · · · j1V · · ·
j2
V · · · (−∆)︸ ︷︷ ︸
n
+β2
∑
j1<j2<j3
(−∆) · · · j1V · · ·
j2
V · · ·
j3
V · · · (−∆)︸ ︷︷ ︸
n
+ · · ·+ βn−1V n.
Lemma 7.2 There exists a constant Cm such that
‖[pj1pj2 · · · pjm, V ]Φ‖ ≤ Cm(‖(−∆)(m−1)/2Φ‖+ ‖Φ‖), Φ ∈ S(Rν), 1 ≤ j1, ..., jm ≤ ν.
Proof: Since on S(Rν),
[pj1pj2 · · · pjm , V ] =
m∑
ℓ=1
∑
{i1,...,iℓ}⊂{j1,...,jm}
V i1,...,iℓpj1 · · · \pi1 · · · \piℓ · · · pjm,
where
V i1,...,iℓ = (−i)ℓ ∂
ℓV
∂xi1 · · ·∂xiℓ
,
we have
‖[pj1pj2 · · · pjm, V ]Φ‖ ≤
m∑
ℓ=1
∑
{i1,...,iℓ}⊂{j1,...,jm}
‖V i1,...,iℓ‖∞‖(−∆)(m−ℓ)/2Φ‖. (7.3)
Here ‖f‖∞ := ess.supk∈Rν |f(k)|. From (7.2) it follows that
‖(−∆)(m−ℓ)/2Φ‖ ≤ C(m−ℓ)/2,(m−1)/2(‖(−∆)(m−1)/2Φ‖ + ‖Φ‖). (7.4)
Then the lemma follows from (7.3) and (7.4). ✷
Lemma 7.3 There exists a constant Cℓ such that
‖(−∆)ℓV Φ‖ ≤ Cℓ(‖(−∆)ℓΦ‖+ ‖Φ‖), Φ ∈ S(Rν). (7.5)
Proof: Note that for Φ ∈ S(Rν),
‖(−∆)ℓV Φ|| ≤ ‖V (−∆)ℓΦ‖ + ‖[(−∆)ℓ, V ]Φ‖.
Since on S(Rν),
[(−∆)ℓ, V ] =
ν∑
j1,...,jℓ=1
[p2j1 · · · p2jℓ, V ],
by Lemma 7.2
‖[(−∆)ℓ, V ]Φ‖ ≤ C(‖(−∆)(2l−1)/2Φ‖ + ‖Φ‖) ≤ C ′(‖(−∆)ℓΦ‖ + ‖Φ‖) (7.6)
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with some constants C and C ′. Moreover
‖V (−∆)ℓΦ‖ ≤ ‖V ‖∞‖(−∆)ℓΦ‖. (7.7)
From (7.5), (7.6) and (7.7), it follows that
‖(−∆)ℓV Φ‖ ≤ (C ′ + ‖V ‖∞)(‖(−∆)ℓΦ‖+ ‖Φ‖).
Then the proof is complete. ✷
Lemma 7.4 There exists a constant Ci1,...,im such that for 1 ≤ i1 < · · · < im ≤ n,
‖ (−∆) · · · i1V · · ·
i2
V
···· · · imV · · · (−∆)︸ ︷︷ ︸
n
Φ‖ ≤ Ci1,...,im(‖(−∆)n−mΦ‖ + ‖Φ‖), Φ ∈ S(Rν).
Proof: It inductively follows from Lemma 7.3. ✷
Proof of Proposition 7.1 (1)
From the definition of KI, (7.2) and Lemma 7.4, it follows that
‖KIΦ‖ ≤
n∑
ℓ=1
|β|ℓ−1CI,ℓ(‖(−∆)n−ℓΦ‖+ ‖Φ‖)
≤ CI(‖(−∆)nΦ‖ + ‖Φ‖), Φ ∈ S(Rν), (7.8)
with some constants CI and CI,ℓ, ℓ = 1, ..., n. Since S(Rν) is a core of (−∆)n, we can
extend (7.8) for Φ ∈ D((−∆)n) with
‖KIΦ‖ ≤ CI(‖(−∆)nΦ‖+ ‖Φ‖), (7.9)
where KI denotes the closure of KI⌈S(Rν). Then for β with |β| < 1/CI, the Kato-Rellich
theorem yields that (−∆)n+βKI is self-adjoint on D((−∆)n) and bounded from below.
Moreover it is essentially self-adjoint on any core of (−∆)n. In particular (−∆)n+βKI
is essentially self-adjoint on S(Rν). Since
An⌈S(Rν)= ((−∆)n + βKI)⌈S(Rν)⊂ ((−∆)n + βKI)⌈D((−∆)n),
we obtain that
An = ((−∆)n + βKI)⌈D((−∆)n).
Hence for β with |β| < 1/CI, An is self-adjoint on D(−∆)n and essentially self-adjoint
on any core of (−∆)n. Thus Proposition 7.1 (1) follows. ✷
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Lemma 7.5 Let g ∈ S(Rν) and m ≥ 1. Then there exist g(1), ..., g(m−1), g(k)j1···jℓ ∈
S(Rν), j1, ..., jℓ = 1, ..., ν, ℓ = 1, ..., m, such that
admA (g) =
m−1∑
ℓ=0
adℓA(g
(ℓ)) +
m∑
ℓ=1
ν∑
j1,..,jℓ=1
g
(k)
j1···jℓpj1 · · · pjℓ. (7.10)
Proof: We prove the lemma by induction with respect to m. Let m = 1. Then
adA(g) = −g′′ + 2
ν∑
j=1
g′jpj = ad
0
A(−g′′) + 2
ν∑
j=1
g′jpj , (7.11)
where g′′ = ∆g and g′j = −i∂g/∂xj . Thus (7.10) follows for m = 1. Suppose (7.10)
holds for m = 0, 1, ..., k. Then we have
adk+1A (g) = adAad
k
A(g) =
k−1∑
ℓ=0
adℓ+1A (g
(ℓ)) +
k∑
ℓ=1
adA(g
(k)
j1···jℓ
pj1 · · · pjℓ). (7.12)
Directly we can see by (7.11) that
adA(g
(k)
j1···jℓ
pj1 · · · pjℓ) = adA(g(k)j1···jℓ)pj1 · · · pjℓ + g(k)j1···jℓadA(pj1 · · · pjℓ)
= (−(g(k)j1···jℓ)′′ + 2
ν∑
j=1
(g
(k)
j1···jℓ
)′jpj)pj1 · · · pjℓ + g(k)j1···jℓ [V, pj1 · · · pjℓ]
= g
(k)
j1···jℓ
ℓ−1∑
m=1
∑
{i1,...,iℓ}⊂{j1,...,jm}
V i1,...,iℓ pj1 · · · \pi1 · · · \piℓ · · · pjm︸ ︷︷ ︸
≤ℓ−1
−(g(k)j1···jℓ)′′ pj1 · · · pjℓ︸ ︷︷ ︸
ℓ
+2
ν∑
j=1
(g
(k)
j1···jℓ
)′j pjpj1 · · · pjℓ︸ ︷︷ ︸
ℓ+1
+ g
(k)
j1···jℓ
V j1,...,jℓ︸ ︷︷ ︸
=ad0A(g
(k)
j1···jℓ
V j1,...,jℓ)
. (7.13)
Substituting (7.13) to (7.12) and rearranging, we can see that
adk+1A (g) =
k∑
ℓ=0
adℓA(g˜
(ℓ)) +
k+1∑
ℓ=1
ν∑
j1,..,jℓ=1
g˜
(k)
j1...jℓ
pj1 · · ·pjℓ
with some g(ℓ), g˜
(k)
j1...jℓ
∈ S(Rν), j1, ..., jℓ = 1, .., ν, ℓ = 1, ..., k + 1. Thus the lemma
follows. ✷
Lemma 7.6 Let g ∈ S(Rν). Then there exists a constant Cg,m such that
‖admA (g)Φ‖ ≤ Cg,m(‖(−∆)m/2Φ‖+ ‖Φ‖), Φ ∈ S(Rν), m ≥ 0. (7.14)
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Proof: We prove the lemma by induction with respect to m. For m = 0, (7.14) follows.
Assume that (7.14) holds for m = 0, 1, .., k. Then by Lemma 7.5 we see that
‖adk+1A (g)Φ‖ ≤
k∑
ℓ=0
‖adℓA(g(ℓ))Φ‖+
k+1∑
ℓ=1
ν∑
j1,..,jℓ=1
‖g(k)j1···jℓpj1 · · ·pjℓΦ‖
≤
k∑
ℓ=0
‖adℓA(g(ℓ))Φ‖+ C
k+1∑
ℓ=1
‖(−∆)ℓ/2Φ‖
with some constant C. By the assumption of the induction and (7.2) we have
‖adk+1A (g)Φ‖ ≤ C ′
k+1∑
ℓ=0
(‖(−∆)ℓ/2Φ‖+ ‖Φ‖)
≤ C ′′(‖(−∆)(k+1)/2Φ‖ + ‖Φ‖)
with some constants C ′ and C ′′. Then the lemma follows. ✷
Lemma 7.7 We have adkA(pj) = βad
k−1
A (i∂V/∂xj) on S(Rν).
Proof: We see that on S(Rν),
adkA(pj) = ad
k
(−∆)+βV (pj)
= adk(−∆)(pj)
+β
∑
j
ad(−∆) · · ·
j
adV · · · ad(−∆)︸ ︷︷ ︸
k
(pj)
+β2
∑
j1<j2
ad(−∆) · · ·
j1
adV · · ·
j2
adV · · · ad(−∆)︸ ︷︷ ︸
k
(pj)
+β3
∑
j1<j2<j3
ad(−∆) · · ·
j1
adV · · ·
j2
adV · · ·
j3
adV · · · ad(−∆)︸ ︷︷ ︸
k
(pj)
...
+βkadkV (pj).
Since ad(−∆)(pj) = 0, we have
adkA(pj) = β ad(−∆) · · · ad(−∆)︸ ︷︷ ︸
k−1
adV (pj)
+β2
∑
j
ad(−∆) · · ·
j
adV · · · ad(−∆)adV︸ ︷︷ ︸
k−1
(pj)
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+β3
∑
j1<j2
ad(−∆) · · ·
j1
adV · · ·
j2
adV · · · ad(−∆)adV︸ ︷︷ ︸
k−1
(pj)
...
+βkadk−1V adV (pj)
= βadk−1A adV (pj)
= βadk−1A (i∂V/∂xj).
Thus the lemma follows. ✷
Lemma 7.8 Let k ≥ 1. Then there exists a constant CV,k such that
‖adkA(pj)Φ‖ ≤ |β|CV,k(‖(−∆)(k−1)/2Φ‖ + ‖Φ‖), Φ ∈ S(Rν).
Proof: By Lemmas 7.6 and 7.7 we have
‖adkA(pj)Φ‖ = |β|‖adk−1A (i∂V/∂xj)Φ‖ ≤ |β|C(‖(−∆)(k−1)/2Φ‖+ ‖Φ‖)
with some constant C. Then the lemma follows. ✷
Proof of Proposition 7.1 (2)
Let Φ ∈ S(Rν). We have
‖(−∆)nΦ‖ = ‖((−∆)n + βKI − βKI)Φ‖ ≤ ‖AnΦ‖+ |β|‖KIΦ‖
≤ ‖AnΦ‖ + |β|C(‖(−∆)nΦ‖ + ‖Φ‖)
with some constant C. Hence it follows that
‖(−∆)nΦ‖ ≤ 1
1− |β|C (‖A
nΦ‖ + ‖Φ‖)
for β with |β| < 1/C. Moreover
‖AnΦ‖ ≤ a‖AˆnΦ‖ + b‖Φ‖, Φ ∈ S(Rν),
with some constants a and b. Then
‖(−∆)nΦ‖ ≤ C ′(‖AˆnΦ‖ + ‖Φ‖), Φ ∈ S(Rν), (7.15)
follows with some constant C ′. Since S(Rν) is a core of Aˆn, one can see that (7.15) can
be extended to Φ ∈ D(Aˆn). Then
‖(−∆)n/2Φ‖ ≤ C ′′(‖Aˆn/2Φ‖+ ‖Φ‖), Φ ∈ D(Aˆn/2), (7.16)
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with some constant C ′′. By Lemma 7.8 and (7.16) it follows that
‖adkA(pj)Φ‖ ≤ |β|C ′′′(‖Aˆ(k−1)/2Φ‖+ ‖Φ‖), Φ ∈ S(Rν),
with some constant C ′′′. In particular
‖adkA(pj)Φ‖ ≤ |β|C(‖Aˆ(k+1)/2Φ‖+ ‖Φ‖) Φ ∈ S(Rν),
follows. Then the Proposition 7.1 (2) follows. ✷
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